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Summary

The low-energy effective action of string theory describes three fundamental particles-
graviton, Kalb-Ramond field and the dilaton. On the d+1-dimensional cosmological
backgrounds dependent on time only, it may be cast into manifestly O(d,d)-invariant
form. We elaborate on the symmetry of the low-energy action, for a class of curved
backgrounds. Thanks to the general framework of finding the invariant metric with the
use of Killing dual one-forms, the symmetry is generalised to O(d,d)/GxG for
spacetimes symmetric under d-dimensional Lie group G. This is done by a dimensional
reduction along the isometry group. We provide a simple case study of positively
curved FLRW metric. We show how our reasoning fits the Lie group theory and we
give an explicit example of constructing an important SO(3)-invariant oneform basis.
The results are relevant for the recent developments of manifestly invariant approach
to string cosmology, to all orders in perturbation theory. It is the first step to the
description of the very early universe in such a framework.
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1 Introduction

In the classical description of gravity by Einstein equations, our universe
started with the Big Bang 13.8 billion years ago. The cosmological solutions
suggest that close to the initial moment the distances between points in the
universe were approaching zero. The necessity of this fact was celebrated in
2020 when Sir Roger Penrose was awarded a Nobel Prize in physics for his
work on the Penrose singularity theorem (when applied to black holes) and
later the Penrose-Hawking singularity theorem (when applied to the Uni-
verse) |[1]. Mathematically, the Big Bang is described by a vanishing scale
factor a(t), which is a function determining the cosmological volume. This
however, leads to an unpredictive theory, as the Riemann tensor contain-
ing terms a%, Z—z,% diverges. On the other hand, at such short distances
and extremely high energies, we expect that a theory of quantum gravity
will describe the behavior of spacetime, instead of General Relativity. The
full theory describing gravity in quantum setup remains unknown. Several
approaches to this problem have been developed, such as causal dynamical
triangulation’s, quantum loop gravity, asymptotic safety, and string theory.
In recent years, however, essential developments concerning quantum cor-
rections to General Relativity have been made. They shed light on the
mechanism which deals with Big Bang and other spacetime singularities.
These arguments are based on the path integral approach, which yields a
powerful framework in the quantum theory since it emphasizes Lorentz co-
variance and allows for the description of non-perturbative phenomena. In
the path integral, one is supposed to sum over all possible configurations of
a field(s) ® weighted by e**[®], where S[®] is the classical action of the the-
ory. In the Minkowski path integral, the classical action approaching infinity
causes fast oscillations in the exponential weight and hence the destructive
interference of the neighboring field configurations |[2]. Hence such configu-
rations do not contribute to the physical quantities. Furthermore, in Wick
rotated path integral, the field configuration is weighted by e=°[®! and the
field(s) configurations on which the action is infinite do not contribute at all.
This is known as Finite Action Principle and impacts the nature of quantum
gravity and the evolution of the Universe, once the higher-curvature terms
are included |3, 4, 5|. Namely, it restricts possible initial states of the uni-
verse to non-singular, homogeneous and isotropic accelerating spacetimes.
One may use the Finite Action Principle to further elaborate on the nature of
the Big Bang singularity and pre-inflationary cosmology. However, to truly
trust the results of physical theory at the beginning of time, one should in-
clude all quantum corrections. This is obviously beyond the reach of our
understanding of quantum gravity. However, there are recent developments
inspired by string theory, which under appropriate assumptions give rise to
O(d, d)-symmetric cosmology to all orders in « [6]. This may give some
eract results concerning the initial state of the universe.



For years string theory has been regarded as a candidate for the "theory of
everything" explaining all of nature’s forces and the structure of the space-
time itself. To this date, there has been no empirical evidence yielding string
theory being the theory to rule them all. Nevertheless, self-consistency and
a rich mathematical framework make string theory a valuable tool in theo-
retical investigations of high energy physics.

A robust prediction of all low-energy string gravity effective actions are the
three particles: spin-2 graviton, scalar dilaton, and anti-symmetric torsion
field. These fields may appear when we consider high temperatures while
approaching the Big Bang. A remarkable feature of the string-theoretic
low-energy effective action, absent in other gravitational theories is a global,
continuous O(d, d) symmetry discovered by K.A. Meissner and G. Veneziano
[7], developed later in [3, 9]. The symmetry is present if the fields do not
explicitly depend on d out of D coordinates. This duality is currently in its
renaissance, and new developments appear each year. For example, in 2019
O. Hohm and B. Zwiebach [0] classified all possible O(d, d) invariant correc-
tions to the effective action to all orders in o’ providing non-perturbative
solutions to resulting Friedmann equations. The predictive power of O(d, d)
symmetry may be applied to the physical phenomena at the beginning of
time. Up to this date, O(d,d) symmetry was described only on flat back-
grounds. This work focuses on developing mathematical framework neces-
sary to explore this symmetry in the FLRW universe with constant curva-
ture. In particular, the closed FLRW universe is greatly relevant for the
no-boundary proposal. The obtained results may be crucial in verification,
whether the no-boundary proposal holds to all orders in o’ creating well-
understood and theoretically motivated initial conditions for the universe.
Alternatively, O(d, d) symmetry may prove to be incompatible with the ini-
tial state predicted by Hartle-Hawking beginning of the universe [10], cre-
ating an argument against such an approach. Moreover, the solutions to
manifestly O(d, d) invariant equations of motion predict the evolution of a
multidimensional spacetime to 4-dimensional spacetimes by a virtue of the
Finite Action Principle. This work will be a base for the future exploration
of this phenomena in the curved spacetimes.

2 Motivation

The O(d, d)-symmetric cosmology gives a framework to study the quantum
corrections to the GR in a well defined manner. The issue of the higher-order
curvature theory of quantum gravity is the existence of the particles with the
negative mass-squared spectrum, known as ghosts, which makes the theory
non-unitary. It is the consequence of the Ostrogradsky Theorem [11] and the
presence of higher than second-order time derivatives in the terms beyond
R in the action. These issues have been resolved in Horava-Lifshitz (H-L)



gravity [12], where the Lorentz Invariance (LI) is broken at the fundamental
level (see [13] for a comprehensive progress report on this subject). Kinetic
terms are first order in the time derivatives, while higher spatial curvature
scalars regulate the UV behavior of the gravity.

In my previous work [5] on quantum gravity corrections in the Finite Ac-
tion Principle, I have shown that the Finite Action arguments applied to
the projectable H-L gravity result in a flat, homogeneous, UV-complete, and
ghost-free beginning of the universe. More importantly, our work shows that
resolving the Big Bang singularity is not model-sensitive. All previous work
in this field has been done in the quadratic gravity setup. This is a first
step to a conclusion that spacetime singularities are avoided by a model-
independent quantum corrections.

The quest of finding a suitable initial state of the universe imposed by some
dynamical mechanism may provide an alternative to the theory of scalar
field cosmological inflation. Widely discussed de-Sitter conjecture |11, 15]
states that string theory cannot have de-Sitter vacua and is in tension with

single field inflation [16, 17]. In string theory this goes under the name of
swampland conjectures [18, 19]. Swampland conjectures may also be under-
stood as conditions under which inflation becomes eternal [20]. This leads to

profound consequences. Initial fluctuations in the early universe may cause
an exponential expansion in points scattered throughout the space. Such
regions, rapidly grow and dominate the volume of the universe, creating
ever-inflating, disconnected pockets. Since so far there is no way to verify
the existence of the other pockets, we treat them as potential autonomous
universes, being part of the multiverse.

Recently we investigated, whether eternal inflation occurs in UV-complete
theories [21]. Our findings suggest that asymptotically safe theories flatten
inflationary potentials at large field values, generically creating the multi-
verse. There is strong theoretical evidence that the theory of cosmological
inflation inevitably leads to a multiverse. On the other hand, the theory
of inflation is a well-established model providing an answer to problems in
classical cosmology, such as the flatness problem, large-scale structure for-
mation, homogeneity, and isotropy of the universe. A handful of models is
in an agreement with the CMB observations. In the inflationary models,
quantum fluctuations play a crucial role in primordial cosmology, providing
a seed for the large-scale structure formation after inflation. This motivates
the question, whether there exist models with similar predictions to inflation,
however without the consequences of the multiverse? Finite Action Princi-
ple, Hartle-Hawking proposal, and possibly O(d, d) symmetry may give rise
to an initial state of the universe in agreement with CMB data, or provide
novel mechanisms of exponential space expansion not based on scalar in-
flaton evolution. Such dynamical mechanism is also necessary to evade the
fine-tuning problem of initial conditions.

The field of T-duality research is a well-established part of string theory.



Dualities are crucial in M-theory considerations and the cosmological pre-
dictions stemming from O(d,d) symmetry are lively investigated by physi-
cists around the globe. This work aims at establishing a connection between
O(d, d) transformations and spacetime transformations.

Once the interplay between spacetime and O(d, d) symmetry is known, the
developed framework may be used in the future to find a possible initial
state of the universe and produce cosmological predictions, which could be
observed. There have been very recent developments in the no-boundary
proposal [22], concerning quantum corrections to the Hartle-Hawking ap-
proach to the Big Bang. In particular, it has been shown, that no boundary
proposal holds up to first order in /. One may wonder, whether it is possible
to develop this result, using non-perturbative O(d, d) methods, enforcing the
candidate for the initial state of the universe to all orders in /. This new
result would be one of the strongest arguments in favor of the no-boundary
proposal. Here we propose a formalism for studying the global O(d, d) sym-
metry on curved backgrounds.

Finally, recently developed Finite Action Principle could serve as a dynam-
ical mechanism restricting the number of observable dimensions. Then, the
size of the additional 6 dimensions of the superstring theory "shrinks" as
noticed in [7]. One could expect a restriction on this size, following from
the known age of the universe. This bound may be verifiable in the current
accelerators and possibly at odds with the theoretical prediction of string
theory.

3 General Relativity

General Relativity is one of the most established classical theories, it de-
scribes the relation between geometrical deformation of spacetime and grav-
itational forces present in the Universe. The consideration of GR is based on
the ansatz, that physical reality remains unchanged under a general trans-
formation of the reference frame. Tensor formalism is particularly useful in
the mathematical formulation of such an idea.

3.1 Diffeomorphism invariance

The invariance under coordinate transformation is usually [23] described in
terms of differential geometry. Space-time is considered to be a general
pseudo-Riemannian manifold and the transformations are diffeomorphisms.
In this section we will focus on the tensor approach to GR.

Consider a metric g, on pseudo-Riemannian manifold and a diffeomorphism
given by the coordinate transformation: z — /. The metric tensor trans-



forms in a way rank 2 covariant tensor does:

ox® 9z
v (€) = G () = Syt 5 Ja8(2): (3.1)
The determinant of ¢’(z') takes form:
Ox \2
! _ -
g = det (83;’) g, (3.2)

hence the transformation of the square root of the determinant of the metric
tensor is given by:

VG — ‘ det <%) Wg. (3.3)

One may now see, that diffeomorphism invariant integral measure is:

JgdPz = ‘ det (gj,)‘ : j det (g‘j) j\/gd% = gdPz,  (34)

Where the second determinant is simply the Jacobian. General Relativity
is invariant under change of the reference frame. The action of the theories
in curved space-time consists of fully contracted tensors and above invariant
measure.

3.2 Tensors of GR

The coordinate invariant structure of General Relativity relies heavily on
tensorial notation. The core tensors of the theory are briefly described in
this section.

Consider a vector field ¢, which may be expressed in a set of basis vectors é;
as U = v™é,,. We may calculate how does the vector field ¥ change with the
change of coordinate components z;. What is important, we do not assume
constant basis vectors:

ov 0 o m 0€m (81}’”

— mgs o\ —
(U em) 8561 em Tt 6951 6%

a’Ei N 8331

+ rmikv’f) ém. (3.5

The components F"";kvk are called Christoffel symbols, and may be under-
stood as expansion components of the new basis vectors 3762 in the old basis:

0é;
ox k

=1"ém. (3.6)
Usually Christoffel symbols are computed thanks to the identity:

1
FZV = 599)\ (g/\y,,l/ + 9w, — g,ulx,)\> . (37)



They are closely connected to the covariant derivative, which is introduced
to include the change of basis vector in (3.5), hence the definition:
o™
Vo™ = + 1™ ok, 3.8
1 6(131 ik ( )
Partial derivative of a vector field does not transform as a tensor, however
covariant derivative does. This extends to higher rank tensors, in particular
the covariant derivative for rank (2,0) tensor is given by:

T“b;c = 9,7 + 17 ;7?4 10 % (3.9)

The central object in General Relativity is the Riemann tensor, which con-
tains information about curvature of a given manifold. It is constructed of
metric tensor and its first and second derivatives:

Ry = 07 g = 0,17 +T7 T, =T T . (3.10)

ouv

In 4D it has 20 independent components, while in 2D there is only 1 inde-
pendent component [24]. Important symmetries of Riemann tensor are:

o Skew symmetry, Riemann tensor is antisymmetric in 1 <> 2 and 3 <> 4
indices:

Raped = —Rbacd = —Rabde
e [Interchange symmetry, symmetric in pairs {1,2} < {3,4}:
Rabed = Redab
e First Bianchi Identity, cyclic sum of {2,3,4} is qual to O:
Rabed + Racdb + Radbe =0

e Second Bianchi Identity. cyclic sum of covariant derivatives is equal to
Zero:

Rabcd;e + Rabde;c + Rabec;d =0

Ricci tensor is a contracted Riemann tensor and describes how much a given
space diverges from a flat one

Ry =R, (3.11)
Ricci scalar is another contraction of the Riemann tensor:
— R
R=R),. (3.12)
Convenient way of calculating the Ricci scalar:

R=g" (Fpmap - Fpup,v + Fgwrppo - FU#PFPW>' (3.13)

9



3.3 Energy momentum tensor conservation

The curvature of space-time is intimately connected with the distribution of
mass and energy. From classical field theory, it is well known, information of
the energy of a given system is encoded in energy-momentum tensor. Usually,
it is understood as Noether current conserved under space-time translations

[25]-

In the curved space-time the energy momentum tensor may be defined, via
variation of the action under metric transformation:

08 = ;/dD$\/nglW59uw
Guv(®) = Guv () + gy ().
Under infinitesimal translation z# — z# + ¢*(z) the variation of the metric
tensor is:
g = (51‘,‘ — auea) (55 — ayeﬁ)gag(x +€) — gu(x)
= g (T +€) — guu(x) — Oper, — Ovey

= €"0aguv — Oper — Opey.

We shall now prove that €*0ngu, — Ou€, — Ove, = Ve, + Vye,. Starting
with the definition of covariant derivative we evaluate V e,

Vier = Vu(9ua€®) = gvaVu€® = gua(Oue® + T} ")
Voer + Vien = Guaduc® + guadye® + <gmrgM v g,mrgy)e“.
The second equality follows from the fact, that covariant derivative of a
metric tensor vanishes. This may be shown using (5.15) and the definition

of the covariant derivative. The term containing Christoffel symbols may be
rewritten:

1
guargu + guargy = §gzxagaﬁ(8ngﬁu + a,ugn,B - aﬁgnu)+

1
+§guugaﬂ(ai€gﬁu + al/gliﬁ - aﬁgnu) = aﬁgﬂll'

Hence,
O0guv = Ve, + Vyey. (3.14)
The action variation vanishes, when V,TH" = 0 is satisfied:
1
0S8 = 5 /dD:c\/—gT“”(SgW = /dD:C\/—gT””Vue,, = —/de\/—gVMT‘“’eZ,.

(3.15)

Where in the last equality integration by parts was performed.

10



3.4 Killing vectors

Killing vectors generalize notion of symmetry and provide a constructive way
of choosing convenient coordinate system on a spacetime. They generate
isometries corresponding to the symmetry of a given manifold. We consider
a worldline z#(\) and it’s transformation (X + 0A). We impose, that the
line element is symmetric under such change

0= (ds”) (3.16)
=0 (g dxdz”)
= dgudatdz” + g (0(da)dx” + dxt'é(dz")) ,
(3.17)

the variation and derivative commute. Variation of the metric tensor dg,,, is
given by:

dg,w
Guv — Guv + ;];L\ O+ 0(5)\2) (318)
_ 89W 2

Hence, dg., = 89“”50‘6)\ where the vector £% is tangent to the path of
isometry £ = . For the line component variation we have ddz* = ddx" =
dd””” oA = dfaé)\ Which together with equation (3.16) gives:

Juvsa ga + gal/{aau +gau§aﬂ/ =0. (3'19)

Above expression is equivalent to:

gu;y + éy;u/ - 0, (320)

which is known as Killing equation, while vectors satisfying it are called
Killing vectors. Killing vectors conatain information about spacetime sym-
metry and may be used to express conserved quantities. Consider a geodesic
equation of a massive particle

dUu®
dr

+T°,,U°U" =0, (3.21)
where U“ is particle’s four-velocity and 7 is the proper time. Contacting it
with a Killing vector £ gives us

due
0=a— +§aFO‘BVUBU” (3.22)

dge v
_%(gaU) = —Uq + £, U°U".

11



Since

dee & dxP e g
== g =% psy,, 2
= 55 g Ua = 55U°U. (3.23)

then applying it to the previous equation we have
d 14 14
- (£Ta) = UPUY (&y,5 —6al3,) = UPU &,5. (3.24)

The right hand side vanishes, because the antisymmetric tensor &,.5 is con-
tracted with symmetric UPU”. This results in a conserved quantity

€U, = const. (3.25)

4 Conformal Anomaly

String theory is usually described in the path integral approach by Polyakov
action:

1

2 o v
S =— yr— / d*0\/=gg*P 0 X 05 X " s, (4.1)

for a flat background metric 7,,. Indices «,3 run over two-dimensional
worldsheet, while u, v run over 26 dimension in case of the bosonic strings,
or 10 dimensions in case of superstrings. It is invariant under Lorentz and
Weyl transformation. The demand of vanishing Weyl anomaly implies that
the spacetime must be 10-dimensional. Moreover, in the curved spacetimes
it determines the equations of motion of a string. These equations may be
derived from a certain effective action, which will be crucial in our further
discussion of the O(d,d) symmetry. In this section, we describe Weyl sym-
metry, conformal anomaly, and introduce the low-energy effective action of
bosonic strings.

4.1 The Weyl transformations

The Weyl transformation is a transformation of the form [20]:
() = () gy () (4.2)
An infinitesimal transformation can be written:
G (T) = g + w(x) g (). (4.3)

The variation of the action yields energy momentum tensor conservation:

1 1
08 := 3 / dPen/=gT" 59, = 5 / dPay/=gTlw(x), (4.4)

12



hence for the Weyl symmetry the energy momentum tensor is traceless:
1%, =0. (4.5)

A conformal transformation is transformation of the coordinates, such that
metric tensor is rescaled. It is a Weyl transformation performed through the
change of basis.

It may be shown, that the group of conformal transformations consists of:

e Spacetime translations: z# — z* + o

e Lorentz rotations: z# — x* + whz?, Wy = —Wyp

e Scale transformations: z# — x* + oz

e Special conformal transformations: x# — ax# — 2(b - )z + 22bH

Consider infinitesimal transformation z# = z# — e¢#(z'), the metric tensor
variation (3.14) in the flat space is:

Ogu = w(T)guw = —O0v€u — Opeu. (4.6)
Taking the trace of both sides, in 2 dimensions we have:
w(z) = —0yet. (4.7)
and the metric variation equation gives:
Ovey + Ou€y = 0a€” guu, (4.8)
it may be rewritten to the Cauchy-Riemann conditions, which are satisfied

by holomorphic functions:

{8161 = (9262 (4 9)

Oher = —01€2

Such a structure of space-time translations allows to construct its holomor-
phic and antiholomorphic parts.
The conformal current of such symmetry is .J, = T),,€” and it is conserved:

DT u(€) = (0"Ty) e + T (9"€"). (4.10)

The first term vanishes, because of energy-momentum tensor conservation.
Using the fact, that energy-momentum tensor is symmetric we may rewrite
the second term:

D T (€) = T (9e") = %Tu,,(a“e” +ovet) = %T;;aaga —0,  (411)

where in the second equality (4.8) has been applied, and in the third equality
tracelessness of the energy-momentum tensor used.

13



4.2 Conformal gauge

The main advantage of the conformal 2D gravity is a presence of additional
degree of freedom, which lets us |27] express the metric tensor in so called
conformal gauge:

Juv = eg(x)éuu- (412)

A metric tensor may be expressed in such a form by choosing synchronous
frame- a reference frame in which the time coordinate defines the proper time
for all co-moving observers. For a more detailed discussion see [25]. This
lets us set goida’ to zero, which in 2D means that metric tensor is diagonal.
Choosing the synchronous frame does not exhaust gauge freedom and we
still may perform spatial rotations, this additional degree of freedom lets us
set both diagonal components of the metric to be equal e?. Calculation of
the Ricci scalar is especially simple, using the trick (5.14):

R(z) = —e @ (d}a(x) + B30 (x)) = —0,0"0(z) = —Ao(z).  (4.13)

The usual CFT approach is to complexify the space with the conformal
coordinates:

z =zl +iz?, z =2 —iz?, (4.14)

metric tensor in the new coordinates takes form

_ ea(x) 0 B 1 eo(z,Z)
Guv = 0 ea(x) — Gzuz = 5 ea(z,i) 0 :

It is easy to check the inverse metric is:

0 e—a(z,é)
v = 9 ] .
g (ea(z,z) 0 )

Ricci scalar in complex coordinates takes form:
R(z,%) = —4¢77%98,0;0(z, 2). (4.15)

As it has been shown in the introductory GR section, the energy momentum
tensor is conserved. In the complex coordinates the conservation law is
equivalent to the pair of equations:

V.T% + V17
ny z ~ z4 )
VHT <VZTZZ + VZTZZ> 0

In the conformal gauge, by applying (3.9) one gets:
0517 +20;0T%* + 0,T** + 0,0T* =0
0. T** + 0,0T* =0

14



4.3 Conformal anomaly

In the flat space, the CFT structure of a theory implies a vanishing trace of
the energy-momentum tensor. This is not the case in curved space, instead,
the trace is characterized by the conformal anomaly equation which is of
great importance in the quantum case:

T, = aR(z). (4.16)
It is also an indicator of Weyl symmetry violation. This will be crucial, when
introducing low-energy effective action in the next section.
Recall, the form of Ricci scalar in complex coordinates (4.15). We find the
explicit form of components of the energy-momentum tensor:

T, +T% = —4ae ?9,0:0
207°T. s = 4e °T,; = —4oe 20,050
T, = —ad,0s0

Continuity equation for component z can be written as:
05T, + €70, (e—“ng) —0, (4.17)

while in the flat space the continuity equation in complex coordinates gives:
0,155 =0 and 0;7,, = 0.

The continuity equation implies existence of holomorphic structure of the
energy-momentum tensor. We may define holomorphic pseudotensor:

9:T := 0; [TZZ _ %( —(8.0)2 + 2630)} —0, (4.18)

antiholomorphic pseudotensor:

0.7 := &, [ng - %( ~ (8:0) + 2a§a>} ~0. (4.19)

Notice these objects are not tensors, their coordinate transformation is anoma-
lous.
4.4 String theory effective action

The action of a string in a background containing the massless fields G .., B,
and ®(X) is given by [28]

1

Yo%

S / d*01/9(G v (X) 00X 05 X" g% + B (X) 00 X 05 X" P
(4.20)

+a'®(X)RY),

15



where R is the two-dimensional Ricci curvature of the worldsheet. The
dilaton coupling does not preserve the Weyl invariance. By investigating the
trace of the energy-momentum tensor we have three different contributions
corresponding to the Weyl symmetry violation:

1 i 1
(T)) = ~5 B (G)g*P0u X Ds X" — @ﬁw(B)eaﬁaaXﬂaﬁ)(V - 55(@)}2(2).

(4.21)
The one-loop beta functions are given by:
/
B (G) = /Ry + 22/V Y, ® — %HMAHHVAH (4.22)
/

Buv(B) = %VAH)\;W +o/VADH,,, (4.23)

o 2 / o A
B(P) = _EV ¢ +a'V,eVHie — ﬂHuw\HW . (4.24)

Since the Weyl invariance is present when (T'% ) = 0, we impose 3, (G) =
Buw(B) = B(®) = 0. Moreover, these equations may be viewed as the
equations of motion. There exist an action, that gives a rise to the same
equations, and it is known as the low-energy effective action:

S = 2%2 / A XV —-Ge <R +AGH 8,0, ) — 112HW,,HW”> . (4.25)
By low-energy, we mean that it properly describes the one-loop behavior of
the full theory. It is applicable to the spacetimes with curvature radius much
bigger than v/o/.

This action will serve us as a starting point for exploration of the O(d, d)
symmetry. We will show that on the cosmological backgrounds it is indeed
invariant under the action of O(d, d) group.

5 T-duality

In this section we introduce the notion of duality in string theory following
closely [29].
In theoretical physics, "duality" has multiple meanings. In the context of
string theory, the original meaning of duality was regarding a symmetry
between s and t channels in the strong interaction S-matrix. A spacetime
duality, known as T-duality is a more recent notion. Speaking coloquially,
it relates physical properties at large distances and short distances. It is
frequently used to show an equivalence between theories with different ge-
ometries or even topologies. In the case of toroidal compactification, 1-
dimensional, T-dual theory will be invariant under transformation:
/
R—>%, ¢—>¢—1og(\/%>, (5.1)

16



where R is the radius of the compactified dimension, ¢ is the dilaton, and
o/ is an inverse of the string’s tension. For multiple dimensions the proper
transformation is:

(940) = (g+5)", 66— 3 log(detlg +)), (5.2)

where g;; is a d-dimensional metric tensor and b;; is an antisymmetric tensor.
It is an element of infinite-order discrete symmetry group O(d,d, Z) for d-
dimensional compactification.

The equivalence of two models connected by the T-duality may be seen in
the example of sigma model constructed from fields (g, b, ») on a manifold
with coordinate system (z°,2%) = (6, 2%). We assume there is an isometry,
which acts as translations of §. Consider an action:

1

S —
b e%

/d2§ [\/Eh“”gij({)umiayxj + ie“"bijﬁuxi&,xj + O/\/ER(Q)qb(a:)] ,
(5.3)

where g;; is a target space metric, R® is a curvature corresponding to the
two-dimensional world-sheet metric h,,, b;; is a torsion field, ¢ is the dilaton.
The action may be rewritten with a 1-form V' defined on the d-dimensional
target space manifold:

1
4o/

+ i€ (2b0a V8120, + bapd,x®0,a”) + 20" 00,V + a’\/ER@)(;s(x)}.

Sppy = / PE{ VR (g00V, Vo + 200 Vydo2™ + gapda®d,a) (5.4)

The field 0 plays a role of Lagrange multiplier. Variation of 6 gives relation
e"0,V, = 0. On a topologically trivial worldsheet this condition forces
V, = Oue and the initial action (5.3) is retrieved. Alternatively, one may
integrate out the V, field by finding its explicit form from the least action

/ 6?{1/:1 6V, = 0, resulting in:

1 7 ~
VH = —— | a0z + —=€" (boaOpx™ — 0,0 ) . 9.5
900 <g 0 vh (bo ) 55

Substituting the above expression for V, in (5.4) we obtain

1

4o

+ i€ (2600 0,00, 7" 4 bapdx®d,2”) + o/\/ER(Q)gz;(w)},

S =

/ d*¢ {\/Eh“y(ﬁooauéayé + 2§000,00,2% + Gopduz®d,a”’) (5.6)
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where the tilde parameters connect dual and original theory by:

. 1 5 bo
Goo = —, Goa = —, (5.7)
900 900
_ 9oagos — boabo =
9apB = Gap — 08 = ﬂv boa = 90047
goo goo
5 goabos — gogbo ~ 1
bap = bap — o P G = ¢ — = 1og goo-
900 2

The form of the dilaton transformation is necessary to make the dual theory
conformally invariant. The shift to the first order in o/ was derived in [30].
In the dual model, the tilde fields do not depend on 6 so the theory is invari-
ant with respect to translations in this coordinate. There are several issues
with such construction of the dual model. In particular, it is not manifestly
Lorentz invariant, the spherical topology is necessary for the assumption
V,, = 0y€ to be valid, finally fixed points of the isometry in the initial theory
become singular in the dual theory. An alternative way of addressing these
questions was discussed in [31]. Instead of introducing the 1-form V, one
may gauge the sigma model (5.3) with the gauge field A,. Upon the trans-
formation 6 — 0 + ¢, the gauge field transforms dA4, = —J,c. Integrating
out the gauge field from the gauged theory leads to the dual theory (5.4).
A simple example of the occurance of the singularities in the dual models
concerns 2D polar coordinates:

ds® = dr* + r2db>. (5.8)

After the duality transformation the metric becomes:
2 2, 1 .9

The fixed point » = 0 of the isometry becomes a singular point in the dual
model. This leads to profound consequences in the models with Lorentzian
signature. In [32, 33| an observation was made, that the event horizon and
the singularity of a 2D black hole are interchanged by the duality transfor-
mation. To see this, consider a time-like Killing vector k of a black hole
solution. On the event horizon, the vector becomes null. From the identity
goo = ||k||? and the transformation (5.7) we can see the appearance of the
singularity.

5.1 O(d,d) manifestly invariant action

In this section we provide a detailed calculation proving the O(d,d) symme-
try of the low-energy effective action. This generalized T-duality was found
first by K.A. Meissner and G. Veneziano in |7] in 1991.

Gravitational sector of all supersymmetric string theories contains massless
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fields appearing in the bosonic strings: scalar dilaton ¢(z), metric tensor
interpreted as the spin-2 graviton G, and anticommuting Kalb-Ramond
2-form field B,,. The low-energy action takes the form

1 _ ” 1 v
S = 2/<;2/de —Ge™?? <R+4G“ 0,90y ¢ — EHWPHM p) ;- (5.10)

where D is the dimension of the spacetime, R is the Ricci scalar curvature
of the metric G, and H,,, is a field strength of B,,, defined as H,,, :=
OuByp~+ 0, By, +0B,,,. For the cosmological backgrounds, the fields ansatz
is: Go() = —n2(t), GOi = O, Gz‘j = gij(t), BOO = 0, Boz‘ = 0, Bij = bij(t), and
¢ = ¢(t). The effective action (5.10) may be expressed in the manifestly
O(d,d) form:

S— —% dda:/dm(t)efb [(Dcp)? + étr (DM)Q] , (5.11)

where D = %%, ® = 2¢ — In/det g is the shifted dilaton field and g is the
spatial metric tensor. Following the formalism of [31], 2d-dimensional matrix

S is defined as:

bg~! g—bg‘lb>
M=nH= (" 707, 5.12
= ("9, .12

where 7 is the anti-diagonal O(d, d) metric and H € O(d, d):

_ (01 (9" g—g'b
For the cosmological background ansatz, the integration measure of (5.10)
is given by [dP2v/—G = [d%zdtn,/g. The dilaton kinetic term becomes

4G* 0,00, ¢ = —%(ﬁ? Scalar curvature may be found by the virtue of the
relation

R=g" (prap - Fpup,v + Fg;wrppo - FU#PFPW>’ (5.14)

where I'”,,, are the Christoffel symbols. If torsion of the metric vanishes,
they are given by:

1
FZU = igp)\ <g>\u,u + Doy — QW,,\> . (515)

The only non-zero components of I'”,,,, are given by:

n 1, ; 1 .
g = o Foi_j = 529 [ = §glkgkj. (5.16)
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The Ricci scalar (5.14) is given by:

n(t)R = n<t)900 (—Fi 0,0 T Fooori i0 — r Ojrj 01) + (5.17)
+n(t)g” (Foz’j,O + FOz'jFooo ~T% iOFOjk: - FoikajO + FoiijkO)
= %gijgi]‘ + %gijgij - %gijgij - ﬁgklgligijgjk‘f‘

+ igijgijgklgkl
= % <9ij§ij - %gijgij - nglgligijgjk + legijg'z‘jgklgkz) ;

where in the last equality the time derivative of the inverse metric tensor
was expressed as ¢ = —g/*g?g;.. The term corresponding to the strength
of the field By, is:

1 1
s Hu H" = =2 (0uByp0 B + 0,B,p0” B + 0, B,,0" B™) (5.18)
1. .. 1. o
= —bit" = —zbijgooao (9z g’ bkl)
= msz (glkgjlbkl + g% /by + glkgjlbkl)
1 .
= mgmbkl gljbjz-,

where in the last equality, tensor bU (G%* g7 + g+ 7') symmetric under | < k,
was summed with the antisymmetric tensor by;.
We may now simplify the O(d,d) invariant action (5.11). Introducing the
convention det g := % det g The first term gives

_/dtn(t)e—‘I’ (D®)? = —/dtne_2¢ det g [iat (ng—]n \/m)r

(5.19)
Vdetg _, ‘9 .detg 1 [detg 2
= [dtX—Ze 2| 4 2 - = .
/ n c o ¢detg 4 \ detg

The term linear in qﬁ may be integrated by parts:

_ / YT 20 gy detd / dte=2%9, (1 detg ) (5.20)
n

det g n/det g
_/dte_%\/m detg ndety 1 (detg)”
N n detg ndetg 2 \detg ’
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The (D®)? contribution is equal to:

_ _ogV/det g . detg ndetg 3 (detg 2
—/dt n(t)e @ (D(I))z = /dte 2¢7n —4¢2 + detg - ﬁidetg - Z detg .
(5.21)

One may use the identity d,, (det g) = detg gaﬁaugag to express the above
determinants in terms of traces:

det g ij -

= y 5.22
det g 97 Y9ij, ( )
det g i Kkl ik . 1.
@wzﬂwgm—wa%+ﬂm-

Equation (5.21) gives:

= [dtn@e® o) = [ae I (2 ad s 1qgug g (.29

— 9% 119" 950 + 97§ — Egijgij) (5.24)

Let us evaluate the tr(DS )2 term. For the sake of clarity, only the relevant
block-diagonal elements of the matrix are shown explicitly:
n? [(DS)2]11 = by hgt +bg gt — bg g + 9o, (5.25)
n® [(DS)?],, =07 g— g 'bg™ b+ g7 'bg~ b+ g~ 'bg~"b.

Using the cyclicity of the trace one gets:

\ /d ..
dt —= et e 20 4r (gg—l + bg_lbg_1>

(5.26)

—;/dtn() —®tr(DS)?

Vvdet e . L
dtige_w <9”gz‘j + bklgl]bjz’gm)

det _
2¢ (g gklg gjz_bklg b]zg )

where in the last equality we have used ¢ = —g” g*g;,.
One may now combine formulae (5.23, 5.26) to evaluate (5.11):

1 v/det . y .
S = 552 /ddaj/dteg 672(;5( — 4(Z>2 + 97 §i; — Eg”gij (5.27)
K n n
B kg diie oy Lo owe i g ik
49 91i9 " gjk 49 9i59 Gkl 4 k19 059 )
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which is equal exactly to (5.17, 5.18) and 4G*0,¢0,¢ combined. Hence,
the low-energy string inspired effective action may be expressed in O(d, d)
invariant way.

The manifestly invariant framework helps us find solutions to the extremely
complex equations of motion stemming from (5.10). In the following section
we will describe in detail, how to construct the manifestly invariant solutions
originally found in [7]. We also comment on their impact on the string theory
in the context of Finite Action Principle.

5.2 Equations of motion

Let us derive the equations of motions for the manifestly invariant action
and provide a simple solution. We follow very closely the reasoning in [7]
adding only the details of the calculation.

There are three fields which we may vary ®,n(t) and M. The equations
stemming from the first two are easily obtained, in the case of M one needs
to keep in mind that its variation is constrained. We provide as many details
of the calculations as possible.

We set n = 1 and consider the action:

S = /dte—‘l’ [A + <<i>>2 + éﬂ (nMnM>] . (5.28)

The global O(d, d) group acts as
d— o, M- MQ. (5.29)

If we were to leave the lapse function n(t) dependence in the action and
calculate its variation, we would get a simple equation:

A+ (¢)2 + éﬁ (nMnM) = 0. (5.30)

We start with variation with respect to the dilaton ®. A straight forward
calculation gives:

1 .. . .
55 = /dt {—A — < T (nMaM) + & - 2@} 50. (5.31)
Field M is constrained by (nM)? = S = 1. The variation with respect
to S may be done by considering a general action containing an arbitrary
function L(S):
S— / dtne®£(S), (5.32)
so that

68 = / dtne® Tr (6SFs) , (5.33)
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where Fs = 0 are the equations of motion for an unconstrained variation §S.
We know however, that the constrain S? = 1 implies

08 = —84SS. (5.34)
As described in [31], it follows that S in terms of an unconstraint variation
0K is:
1
08 = 3 (0K — SOKS). (5.35)

Now the constraint is identically satisfied for any § K. Therefore, substituting
expression for S into (5.33), the equations of motion follow:

1
68 = / dte® Tr (0K Es), FEs= 5 (Fs = SFs8) = 0. (5.36)
The constrained variation gives
e 1 /. ..
08 = [ dine™Tr (8SFs), Fs = (S - <I>S> , (5.37)
by plugging it into the Es we get
1/ . N
Es =7 (5 +S (s) - <1>3> —0. (5.38)

Going back to our original notation (and multiplying both sides by S from
the left) we have the equations of motion of M

MM + MnM = dMnM (5.39)

5.3 Solutions

We can solve the equations of motion (5.39) following from variation of M
by noticing, that the left hand side is a full derivative

d ) ) )
= (MnM) — ¢ (MnM) . (5.40)
We may think of an analogous scalar equation and its solution:

Lat) = 1)) (5.41)

(t) = Aexp ( / f(t)dt),

with A constant. This is formalized also for the matrix equations and we
may write the solution to (5.40):

e® (MnM) = A = const. (5.42)
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where, due to its definition, the matrix A satisfies
AT = —A, MnA=—ApM. (5.43)

These equations of motion are manifestly invariant under transformation
(5.29). We can also find equation containing only dilaton, by evaluating a
term

Tr [nAnA] = e 22 Tr [nMnMnMnM] (5.44)
= e 20Ty [nMnMnMnM} (5.45)
— 2Ty {nMnM} , (5.46)

where we have used the cyclicity of the trace and the identities:
nMnM = —nMnM. and nMnM = 1. Applying (5.44) to (5.30) we get

A2 1
(@) = ST (An)” — A, (5.47)
which one can solve for t:
3 1 —1/2
t= / dy [62?’ Tr (An)? — A . (5.48)
B 8

We can also give an explicit solution to equation (5.40):

e?A = MngM (5.49)
e®A = —MnpM
—e®AnpM = M,

where in the second equality we have used MnM = —MnM and in the
third nMnM = 1. The elegant solution for M is:

M(t) = exp (TAn) M(ty), (5.50)

where 7 is the dilaton time defined as
t
T= / e®dt’. (5.51)
to
Furthermore, in [7] the two cases are considered:

Case 1: A =0 As an exemplary solution we may take A = 0. From (5.48)
we have:

® — = C=,|—. (5.52)
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The dilaton time 7 is then

T—t
=C1 5.53
T n T & ( )
and the solution for M is given by
T—t
M(t) = exp (C’An In ) (5.54)
T —to

To focus our attention, we assume a simple form of A, satisfying (5.43):

(0 —Ay

A_<Ad " > (5.55)

with Ay = diag(ay,...,aq). Then the explicit form of M is given by
—2a
diag |:(77:—ti)) 1’”,:| 0
—2a1 )
: T—t
0 diag [(T—to) 7]

where we denote o; = —=2=

M(t) = (5.56)

Case 2: A #0 We proceed similarly as before, the difference is in the first
performed integral (5.48) where a hyperbolic sine appears. We have:

e?=a= CVA C= L (5.57)

sinh(\/K (T - t)) ’ Tr(An)?

The dilaton time is given by

tanh <\/K(T - t) /2

7=Cln . (5.58)
tanh (\/T\(T — to) /2)
We want to note a peculiar solution in 1 4+ 9 dimensions, where
_ 0 diag(—ay,...,—ag)
- < diag(ay,...,ag) 0 ' (5-59)
Then M is given by
M) diag {tanh_ml(\/[»\(T -1)/2),.. ] 0
t pu—
0 diag {tanh*QO‘l(\/K(T —t)/2),.. ]
(5.60)
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and its evolution is constrained when we look into the Ricci curvature scalar
and the dilaton:

AT AT
cosh?(VA(T —t)/2) " 4sinh®(VA(T — t)/2)
Sai—1

. | (VAT -1)/2)]

‘ acosh?(vVA(T —t)/2) (5:62)

They are singular for ¢ — 7. This means that the action is infinite at
this limit and in the spirit of Finite Action Principle [35, 4, 3, 2, 306, 5]
such solution will be dynamically excluded, as the exponential weight in the
path integral will vanish. There is however, an exception to this. Notice,
when > a; = 1 the dilaton and curvature remain finite. Assuming all |a|
are equal, the only possible choice of «; is {—%, —%, , —%, —1—%, ey %,} corre-
sponding to six contracting dimensions and three expending.
This is a profound result of Meissner and Veneziano, as it provides a natural
mechanism explaining the observed number of dimensions and its incom-
patibility with string theory. The manifestly invariant approach together
with the Finite Action Principle may generate such solution in more general
setting.

(5.61)

6 Non-flat vacuum

The effective action (5.10) may be expressed in manifestly O(d, d)-invariant
form (5.11). However, it is not clear whether the symmetry is still present
on spacetimes with non-zero spatial curvature.

Toy Model As a toy-model we consider the general 4-dimensional FLRW
metric:

2

1 — kr?

ds? = —n?(t)dt* + a*(t) { + 7% (d6* + sin 0d¢2)} , (6.1)
where n(t) is the lapse function, a(t) is the scale factor, and parameter k =
{—1,0,1} corresponds to respectively: hyperbolic, flat, and spherical space.
The action (5.10) acquires additional contributions from the r dependence of
the metric, since now g;; = ¢;j(t,r). The measure and Ricci scalar is altered.
The scalar curvature is no longer given by (5.17). Explicite, for the metric
(6.1) one obtains:

E an a? a
R =6|—=-—+—=—+— 6.2
FLRW <a2 and + 2 + an2> ) (6.2)

where the last 3 terms are equal to (5.17), hence, may be combined to fields
® and S. However, the first term GG% breaks the O(d, d) symmetry, unless
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the flat k¥ = 0 case is considered. One may suspect, that H,,,H""? gives
new contribution, as the partial derivatives were replaced with the covariant
ones:

Hywp = VuByp +VuBpu + VB (6.3)

It may be shown by a direct calculation, that the covariant H,,,H""? is
equal to the flat one,! and does not affect the action.

7 Symmetry restoration

In this section, we propose a way to restore the symmetry by compactification
along spacetime isometries. We briefly discuss the well-known case of one
abelian isometry in- a shift in the compactified dimension, which leads to a
redefinition of the torsion field and introduction of gauge fields. This was
later generalized to arbitrary number of isometries, as described in detail in
[9]. We propose a novel formalism, inspired by the work [9], based on the
group invariant Killing one-forms. We further gauge non-abelian isometries
of so(4) and so(3, 1) symmetric spacetimes.

Dimensional reduction of spacetimes with abelian isometries The
low energy effective aciton, that possesses O(d, d) symmetry may be dimen-
sionally reduced by integrating over a coordinate y® that is isometric and the
transformation y® — 3 — w(z?) leaves the metric unchanged. Such reduc-
tion, introduces a vector gauge field V}, in exchange for a freedom of choosing
y coordinate. For cyclic coordinate y®, this procedure is known as Kaluza-
Klein dimensional reduction. However, in the effective action (5.10) another
gauge degree of freedom is present. The torsion two-form B is defined up to
a derivative term and B — B — dA does not change the field strength H,,,,.
These two gauge transformations are coupled and the reduced action can-
not be invariant under both of them simultaneously. One may redefine the
torsion field strength tensor H, to work with a fully gauge invariant theory.
Moreover, as it has been shown in [9], such theory will preserve its O(d, d)
symmetry even beyond one loop. The dimensional reduction approach was
generalised there to n abelian isometries, and the resulting explicitly O(d, d)
symmetric action is [9]:

4~ 12 HvP
(7.1)

1 1 1
S = /dd+1—ne—2¢ {R +4(Ve)* + STr (LVM)? — ~FL LMLF,, — —H? } ,

where the sigma model fields are combined in the matrix M:

G -G 'B 0 1
M= (BG—1 G—BTG—lB) L= (1 o> ! (72)

'For a general metric
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where GG, B and 1 are n X n matrices corresponding to a part of space-
time, invariant under the isometries. We denote G = (Gyn), B = B(un),
where latin indices run over isometry-invariant subspace. The gauge fields
introduced in |9] were arranged in a multiplet vectors:

VA VA
A (WuA> o T (WHVA7) 7:3)

where V}f,‘/ and W/ﬁ, are standard field strengths consisting of gauge field
corresponding to gauging "A-th" isometry. Explicilty, for V,, field strength
tensor V,, = 9,V,, — 8, V,,. The torsion field strength can be modified to be
invariant with respect to both torsion and metric field gauge transformations:

1
Hy\ =V, By — 5.,4555’:”,\ + cyclic permutations. (7.4)

Here, the O(n,n) transformation is a rotation M — QMQT and the field
strength tensor transformation F — QF. It leaves the action invariant.

FLRW spacetime In this paragraph we identify the symmetry of FLRW
spacetime and propose an application of the invariant basis for determining
the symmetry of the low-energy action.

The introduction of gauge fields relies on the symmetry of the spacetime at
hand. For commuting isometries, we have introduced scalar components of
the vector fields V,, and W,. This is however, based on the assumption that
the isometry transformation commute. What if the spacetime is symmetric
with respect to a non-abelian group transformation? As a case study, we
consider curved cosmological Friedmann-Lemaitre-Robertson-Walker space-
times. Commutation relations of Killing vectors of FLRW metric correspond
to so(4) and so(3,1) Lie algebra. If the metric tensor is expressed in the co-
ordinates built from the Killing vectors, it becomes invariant under the group
transformation. Once the dimensions are integrated in the process of com-
pactification, the gauge fields should be introduced to fix the redundancy
of the former coordinate symmetry. In the Appendix we give a more for-
mal approach to the group-invariant metrics. Knowing the algebra of the
vectors tangent to a given Riemannian manifold, we may construct an Lie
group-invariant metric. We further give an example, how to find an algebra
corresponding to FLRW spacetime.

FLRW spacetime (6.1) possesses six linearly independent Killing vectors-
three corresponding to spatial rotations and three connected to generalized
translations. They have been carefully studied in the literature e.g. in [37]
it has been shown that the Killing vectors are zero modes of the covariant
Laplacian. They are also frequently generalized to Killing-Yano p-forms [38]
that generate new, conserved gravitational charges [39, 10| on asymptoti-
cally flat and Anti-de Sitter spacetimes. Killing-Yano one-forms are dual to
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Killing vectors. One may use the Killing-Yano formalism to elegantly derive
the FLRW Killing vectors, see [33]. They satisfy the same algebra as the
Killing vectors, and may be used as the group-invariant basis. As a result
of solving 10 linearly independent, partial differential equations one obtains
the six Killing vectors:

L =H,'0,, (7.5)
I =H;'9,,
Iy = H, 0.,

J1 = sin g0y + ctgl cos ¢y,
Jo = —cos ¢p0g + ctgl sin p0y,
J3 = —(9¢,

where H? = ﬁ They satisfy the following commutation relation:

i, Jj] = eijid,  [Lin 1) = —kegjpdr,  [Ji, ;] = €ijidy.

The angular operators J; close in a form of so(3) subgroup. The operators I;
are a generalized translations. For the positive space curvature k = +1 the

commutation relations correspond to so(4) Lie algebra, while kK = —1 gives
s0(3,1) algebra.
As described in [11], we can now construct the metric tensor with invariant

basis w#, such that:
g= a,uywu X wy, (76)

where w# is dual to X, being invariant basis on the manifold. This group
invariance is described in the Appendix. With this in mind, we may now go
back to the field theory framework with action (7.1) and consider a transfor-
mation G — G’ = ©TGO, where © € SO(4). This transformation induces
M — M’ (as we will see, the shape of M’ is analogous to G’). The covariant
derivative acquires term proportional to the gauge field A, which is now an
element of Lie algebra connected to SO(4). Furthermore, the field strength
multiplet is now defined as:

2 (Vi _ [ V=0Vt Vi Vi )
=\ W 8 W,y — Wy, + [W,,, W] ) '

The transformed field M’ may be expressed with © matrices:
,_[e¢(en) —o-l¢-1(e")'B 78)
Bo-'g1 (7)™ eTge - BTe g1 (e7)'B)’
since for an orthogonal group we have ©7 = ©~!, this simplifies:

M = ( ofGc-'e -oTG-'eB )

BOTG-'0 OTGo — BTOTG-1OB (7.9)
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The form of transformation is particularly interesting when simultaneously
transforming both G and B fields. This may be understood as a change of
the basis by © rotation. Hence, after an additional transformation B —

B' = 0TBO, M’ takes form :

M — oTG'e —-oTG-lee’Bo (7.10)
—\e'Bee’cte eTge -eTBTee’G'ee’BO )" ’

Employing the orthogonality of matrices ©® once again, the final form of
transformed M is:

T
e o\"/G' —G¢'B 0 0
M = Osyxan MOaan = <o @> <BG—1 G—BTG—lB> (0 @> ‘
(7.11)

This surprisingly elegant transformation is a direct sum of the Lie al-
gebra corresponding to ©. The M-field O(N, N) transformation may be
partially "absorbed" by the G and B fields transformation. For example,
on a positively curved FLRW spacetime, the desired transformation of the
G and B is a four-dimensional rotation. Since we have constructed a met-
ric tensor in an SO(4)-invariant way, we can always make this "absorbing"
transformation. Therefore, the remaining symmetry of the theory will be
0(4,4)/ (SO(4) x SO(4)).

Above reasoning is similar for general orthogonal coordinate transformations
(rotations and reflections), so in the theory with N abelian isometries the
symmetry is O(N, N)/ (O(N) x O(N)).

Coordinate transformations In the previous chapter we have treated
the metric tensor G as any other field, transforming in an abstract manner.
Naturally, the metric tensor transforms upon the change of coordinates. In
particular, if we have a coordinate transformation x — z’, the new metric
tensor is given by:

, oz® oz
g;w(x) - g:“,(CC ) = ax,ugaﬁ(x) oz (7.12)

In the matrix notation, this will be exactly the transformation G — ©7G®O,
where © is composed of partial differentiation of respective coordinates.
Hence, the symmetry of G field G’ = ©TGO from the previous paragraph,
would correspond to a trivial coordinate change, where the partial differen-
tial matrix is just a Kronecker delta. This is a key point, that we need to
work at a fixed, group transformation-invariant basis.

Generalization The symmetry group G of the background manifold un-
derlying our theory may be quite general. As long as the transformation
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(7.11) holds, in other words, the group element satisfies @70 = 1, and the
group is connected, we can say that effectively the symmetry is

O(d,d)/G x G. (7.13)

For example, if we consider positively FLRW spacetime as a subspace of
10-dimensional theory we get 0(9,9)/50(4) x SO(4).

We stress the importance of the invariant one-form basis w’ always associated
with a Lie group. It allows for encoding part of the original O(d, d) symmetry
into the G and B fields:

G =G w®uw, B=Bjw auw, (7.14)

where G is constant and symmetric, and B;; is constant and anti-symmetric.

8 Conclusions

The O(d,d) symmetry present in the low-energy effective action describing
graviton, torsion field, and the dilaton may be generalized to symmetric,
non-flat spacetimes. It is usually constructed on flat background metrics
independent on d out of D coordinates. The action is dimensionally reduced
and one has to introduce the gauge fields to compensate for the integrated-
out symmetry of the unreduced action. The resulting action may be cast
into manifestly O(d, d) invariant form. In this Thesis it is proposed, that the
dimensional reduction may be generalised to curved spacetimes, symmetric
under a Lie Group G transformation. The gauge fields are now elements of
the Lie algebra connected to the background spacetime. The shape of the ma-
trix M allows for a reduction of the initial O(d, d) symmetry to O(d, d)/G xG.
We have described in detail a way of finding the invariant metric, directly
from a general group transformation. This result is based on the fact that
the spacetime symmetry group has its associated Lie algebra which may be
found thanks to the commutation relation of the Killing vectors. This con-
struction is quite general, the spacetime symmetry group, however, must be
at least orthogonal. We provide a simple case study of positively curved
FLRW metric. We show, how our reasoning fits the Lie group theory and we
give an explicit example of constructing important SO(3)-invariant oneform
basis (see Appendix). The future work should focus on providing a direct
calculation of dimensional reduction along the isometries.

Our results may provide useful in the future work on cosmology to all orders
in o/ and the no-boundary proposal.

A Lie Group approach to spacetime symmetry

Here we follow the discussion of Lie algebras in [12].
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Consider a Lie group G and left translation L, acting on the element of
the group ¢’

Ly(g') = 99" (A.1)
Similarly, the right translation R, is given by
Re(d') =4y (A.2)

We say that a vector field X on G is left-invariant if L, X = X for all g € G.
Analogously, X is right-invariant if R, X = X.

Since the left-invariance of a two vector fields X and Y is defined for all group
elements, the Lie bracket [X,Y] will also be left-invariant. This means, that
the left-invariant vector fields on G form a subalgebra. The Lie algebra of
G is the Lie algebra of the left-invariant fields on G. Moreover, each tangent
vector to G defines a left-invariant vector field X and there exists a one-to-
one correspondence between the Lie algebra of G and the tangent space to
G at identity T,G. This relation defines the bracket of the vectors £ and
¢ € T.G by:

€, ¢] = [X, Y], (A.3)

where X and Y are the left-invariant vector fields such that & = X, and
¢ = Y.. The above equation defines an isomorphism between the left-
invariant vector fields and the tangent vectors at the identitiy of the group.
This gives us a notion, why finding the algebra of tangent vector fields to a
spacetime is relevant for determining the spacetime’s symmetry. Once the
algebra is found, by the virtue of isomorphism (A.3), we are certain that the
fields will be invariant under the group transformation.

This is crucial while constructing symmetric spacetimes, as we have shown in
the case of positively curved FLRW corresponding to SO(4) Lie group. Here
we give a more precise example of how to find the left-invariant vector field
X. It may be used in more complex systems with less obvious Lie groups,
generalizing our results.

The Lie algebra of R” There is a general formula for the left-invariant
vector fields:

X, =¢&r' o L) (;;Z)g (A.4)

Consider R" with natural coordinates (z',...,2"). The vector component

i after the left translation acting on element ¢’ is given by (z%o L,)(¢') =
z'(99) = z'(g) + 2%(¢'), so 2" o Ly, = 2(g) + . Vector field tangent to
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R" is simply a linear combination & = a’ (8(2:1')@' Using (A.4) we find the
left-invariant vector field:

(A.5)
=d <8ii>g' (A.6)

Now if we take another left-invariant vector Y = #(9/827) and commute it
with X we find [X,Y] = 0 confirming that the Lie algebra is Abelian.

The Lie algebra of the general linear group Let GL(n,R) be the Lie
group formed by all the non-singular n x n real matrices with entries 7.
The group operation is simply a matrix multiplication so (z o Ly)(¢') =
a:é(gg’) = x}c(g)x;“(g’) Tangent vector at identity is given by £ = aé(@/axé).
Similarly as in the abelian case of R we employ the formula (A.4) to find:

i k0

J

The left-invariant vector fields on GL(n,R) are isomorphic to n x n matrices.
For a given matrix A = a;, we denote the corresponding vector field X4 given
by (A.7). We find the corresponding algebra by:

[X4,Xp] = [afﬂﬁ af%,b;xfai?] (A.8)
= amb; (“’“? af:; (=) aa;ﬂ - aig (i) afgn)
= al, b} ( Waagf —~ x;?a{af,%)
— ab,bi (57075} — 075707 mfailg
= (015~ ) g (A9)

The coefficients ay, by —b,a," are the entries of the matrix [A, B] = AB—BA.
This allows us to conclude [X4, Xp] = X4 p) and that the Lie algebra of
the group GL(n,R) is identified with the space of n x n matrices, where the
bracket is given by the commutator.
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Invariant forms Similarly to (A.4), one may find left-invariant one-form

Qg = a; {aj (;ﬂ.) [27 o Lg_l]} : (A.10)

Analogously to the left-invariant vector fields, the left-invariant one-forms
also compose the Lie algebra.

For the general linear group GL(n,R), there is a particularly simple way of
computing the left-invariant one-forms w?, directly from the group element:

given by

g~ dg = Aaw, (A.11)

where A\, are the nxn matrices satisfying the commutation relations [Ag, Ap] =

AaAb — ApAg, and can be read off (A.7) since X, = ()\a);a:f%. The one-
J

forms form also a dual basis to X,.

Using above methods we may find the invariant one-forms and construct an

invariant metric on GG corresponding to a Riemannian manifold:
ajjw' ® w. (A.12)

The matrix (a);; is constant, symmetric, and its determinant does not vanish.

SO(3)-invariant metric To give an example of the explicit calculation,
we consider the SO(3) group. We wish to find the invariant one-forms w?.
The group consists of rotations around three axis by angles ¢, 6,1. A general
element g of the group is a composition of the subsequent rotations. In the
matrix form we have:

9(,0,¢) = 94909y (A.13)
cos¢ —sing 0 1 0 0 cosy —siny
=] sing cos¢ O 0 cosf —sinf siny  cosy
0 0 1 0 sinf coséd 0 0

The resulting matrix is quite complicated, but we provide the explicit form
of its columns:

cos 1 cos ¢ — cos @ sin 1 sin ¢

(9)i1 = | cos@sintycos¢+ cospsing |, (A.14)
sin 6 sin ¥
— cos 0 cos 1 sin ¢ — sin ) cos ¢
(9)i2 = cos 0 cos 1) cos ¢ — sin 1) sin ¢ ,
sin 6 cos ¢
sin 0 sin ¢
(9)is=| —sinbcos¢
cos 6
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To apply the formula (A.11) we need to know the coefficients A\,. We only
demand they obey the commutation relations of so(3), so we are free to
choose the group generators:

00 0 0 01 0 -1 0
Ae=1 00 =1 |, A= 0O 00 ], X=|1 0 0],
01 O -1 0 0 0 0 O

which generate the rotations around the corresponding axis. The inverse
element of ¢ is given simply by the inverse of the matrix composed of the
columns (A.14). Due to its length, we again provide the columns:

cos Y cos ¢ — cos fsin ) sin ¢

(g =| —cosfcostsing —sincosd |, (A.16)

sin 6 sin ¢

cos 6'sin ¥ cos ¢ + cos ¥ sin ¢
(g2 = | cosfcostpcosp —sinysing |, (A.17)
—sinfcos ¢

sin 6 sin

(g Vi3 = sinfcosy |. (A.18)
cos 6

The dg matrix is composed of the exterior derivative of the ¢ entries. The
columns (dg)i,, (d9)i,, (dg)i, are given respectively by:

sin @ sin 1 sin @ — (cos 0 sin ) cos ¢ + cos 1 sin ¢)dp — (cos 0 cos 1 sin ¢ + sin ) cos ¢)dyp
— sin @ sin v cos ¢pdf + (cos 1 cos ¢ — cos O sin1psin ¢)dg + (cos O cosp cos ¢ — sinsin p)dyy |
cos 6 sin 1df + sin 6 cos Pdip
sin 0 cos 1 sin ¢df + (sin ¢ sin ¢ — cos @ cos ¢ cos ¢)dep + (cos 0 sin 1) sin ¢ — cos 1 cos @) dip
—sin @ cos ¥ cos ¢df — (cos 0 cos ) sin ¢ + sin 1) cos ¢)dp — (cos O sin1) cos ¢ + cossinp)dy |
cos 6 cos df — sin Ody) sin )
cos 6 sin ¢df + sin 6 cos ¢pd¢
sin 0 sin ¢pd¢p — cos 0 cos ¢do

— sin 6df sin v
The result of (A.11) is:
0 —d¢ cos — dip d¢sin 0 cos ) — df sin
g ldg = do cos 8 + diy 0 —df cos 1y — d¢sin 0 sin ¢
dfsinty — dpsinf cosy df cosy + d¢sin b sin ) 0

(A.19)
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It is easy to see, that above matrix decomposes into the basis of generators
g tdg = M w® + Ayw? + A w?, where

w® = cosdl + sin O sin Yda,

wY = sin 6 cos Ydep — sindb,

w® = dip + cos Od¢ (A.20)

are the SO(3)-invariant one-forms. Notice these are equivalent to the dual
to Killing vectors J; in (7.5). The general SO(3)-invariant metric is given
by:
ds? = appw® ® W + azy (W° ® WY + w? @ W) (A.21)
+ ayyw? ® WY + ay, (WY @ W'+ w® @wY)

+ a,,w° QW + 4z (W @ W' +w* ®W?),

where a;; are real numbers.
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