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Summary 
 
The low-energy effective action of string theory describes three fundamental particles- 
graviton, Kalb-Ramond field and the dilaton. On the d+1-dimensional cosmological 
backgrounds dependent on time only, it may be cast into manifestly O(d,d)-invariant 
form. We elaborate on the symmetry of the low-energy action, for a class of curved 
backgrounds. Thanks to the general framework of finding the invariant metric with the 
use of Killing dual one-forms, the symmetry is generalised to O(d,d)/GxG for 
spacetimes symmetric under d-dimensional Lie group G. This is done by a dimensional 
reduction along the isometry group. We provide a simple case study of positively 
curved FLRW metric. We show how our reasoning fits the Lie group theory and we 
give an explicit example of constructing an important SO(3)-invariant oneform basis. 
The results are relevant for the recent developments of manifestly invariant approach 
to string cosmology, to all orders in perturbation theory. It is the first step to the 
description of the very early universe in such a framework. 
 
 
 
 
 
 

Keywords 
 

string cosmology, string vacuum, O(d,d) symmetry, T-duality 
 
 
 
 
 
 
 
 
 

Title of the thesis in Polish language 
 

Symetrie grawitacyjnego sektora teorii strun z kosmologicznymi próżniami o 
niezerowej krzywiźnie 

 
 
 
 



Contents

1 Introduction 4

2 Motivation 5

3 General Relativity 7
3.1 Diffeomorphism invariance . . . . . . . . . . . . . . . . . . . . 7
3.2 Tensors of GR . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3 Energy momentum tensor conservation . . . . . . . . . . . . . 10
3.4 Killing vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 Conformal Anomaly 12
4.1 The Weyl transformations . . . . . . . . . . . . . . . . . . . . 12
4.2 Conformal gauge . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.3 Conformal anomaly . . . . . . . . . . . . . . . . . . . . . . . . 15
4.4 String theory effective action . . . . . . . . . . . . . . . . . . 15

5 T-duality 16
5.1 O(d,d) manifestly invariant action . . . . . . . . . . . . . . . 18
5.2 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . 22
5.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6 Non-flat vacuum 26

7 Symmetry restoration 27

8 Conclusions 31

A Lie Group approach to spacetime symmetry 31

3



1 Introduction

In the classical description of gravity by Einstein equations, our universe
started with the Big Bang 13.8 billion years ago. The cosmological solutions
suggest that close to the initial moment the distances between points in the
universe were approaching zero. The necessity of this fact was celebrated in
2020 when Sir Roger Penrose was awarded a Nobel Prize in physics for his
work on the Penrose singularity theorem (when applied to black holes) and
later the Penrose-Hawking singularity theorem (when applied to the Uni-
verse) [1]. Mathematically, the Big Bang is described by a vanishing scale
factor a(t), which is a function determining the cosmological volume. This
however, leads to an unpredictive theory, as the Riemann tensor contain-
ing terms 1

a2
, ȧ

2

a2
, äa diverges. On the other hand, at such short distances

and extremely high energies, we expect that a theory of quantum gravity
will describe the behavior of spacetime, instead of General Relativity. The
full theory describing gravity in quantum setup remains unknown. Several
approaches to this problem have been developed, such as causal dynamical
triangulation’s, quantum loop gravity, asymptotic safety, and string theory.
In recent years, however, essential developments concerning quantum cor-
rections to General Relativity have been made. They shed light on the
mechanism which deals with Big Bang and other spacetime singularities.
These arguments are based on the path integral approach, which yields a
powerful framework in the quantum theory since it emphasizes Lorentz co-
variance and allows for the description of non-perturbative phenomena. In
the path integral, one is supposed to sum over all possible configurations of
a field(s) Φ weighted by eiS[Φ], where S[Φ] is the classical action of the the-
ory. In the Minkowski path integral, the classical action approaching infinity
causes fast oscillations in the exponential weight and hence the destructive
interference of the neighboring field configurations [2]. Hence such configu-
rations do not contribute to the physical quantities. Furthermore, in Wick
rotated path integral, the field configuration is weighted by e−S[Φ], and the
field(s) configurations on which the action is infinite do not contribute at all.
This is known as Finite Action Principle and impacts the nature of quantum
gravity and the evolution of the Universe, once the higher-curvature terms
are included [3, 4, 5]. Namely, it restricts possible initial states of the uni-
verse to non-singular, homogeneous and isotropic accelerating spacetimes.
One may use the Finite Action Principle to further elaborate on the nature of
the Big Bang singularity and pre-inflationary cosmology. However, to truly
trust the results of physical theory at the beginning of time, one should in-
clude all quantum corrections. This is obviously beyond the reach of our
understanding of quantum gravity. However, there are recent developments
inspired by string theory, which under appropriate assumptions give rise to
O(d, d)-symmetric cosmology to all orders in α′ [6]. This may give some
exact results concerning the initial state of the universe.
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For years string theory has been regarded as a candidate for the "theory of
everything" explaining all of nature’s forces and the structure of the space-
time itself. To this date, there has been no empirical evidence yielding string
theory being the theory to rule them all. Nevertheless, self-consistency and
a rich mathematical framework make string theory a valuable tool in theo-
retical investigations of high energy physics.
A robust prediction of all low-energy string gravity effective actions are the
three particles: spin-2 graviton, scalar dilaton, and anti-symmetric torsion
field. These fields may appear when we consider high temperatures while
approaching the Big Bang. A remarkable feature of the string-theoretic
low-energy effective action, absent in other gravitational theories is a global,
continuous O(d, d) symmetry discovered by K.A. Meissner and G. Veneziano
[7], developed later in [8, 9]. The symmetry is present if the fields do not
explicitly depend on d out of D coordinates. This duality is currently in its
renaissance, and new developments appear each year. For example, in 2019
O. Hohm and B. Zwiebach [6] classified all possible O(d, d) invariant correc-
tions to the effective action to all orders in α′ providing non-perturbative
solutions to resulting Friedmann equations. The predictive power of O(d, d)
symmetry may be applied to the physical phenomena at the beginning of
time. Up to this date, O(d, d) symmetry was described only on flat back-
grounds. This work focuses on developing mathematical framework neces-
sary to explore this symmetry in the FLRW universe with constant curva-
ture. In particular, the closed FLRW universe is greatly relevant for the
no-boundary proposal. The obtained results may be crucial in verification,
whether the no-boundary proposal holds to all orders in α′ creating well-
understood and theoretically motivated initial conditions for the universe.
Alternatively, O(d, d) symmetry may prove to be incompatible with the ini-
tial state predicted by Hartle-Hawking beginning of the universe [10], cre-
ating an argument against such an approach. Moreover, the solutions to
manifestly O(d, d) invariant equations of motion predict the evolution of a
multidimensional spacetime to 4-dimensional spacetimes by a virtue of the
Finite Action Principle. This work will be a base for the future exploration
of this phenomena in the curved spacetimes.

2 Motivation

The O(d, d)-symmetric cosmology gives a framework to study the quantum
corrections to the GR in a well defined manner. The issue of the higher-order
curvature theory of quantum gravity is the existence of the particles with the
negative mass-squared spectrum, known as ghosts, which makes the theory
non-unitary. It is the consequence of the Ostrogradsky Theorem [11] and the
presence of higher than second-order time derivatives in the terms beyond
R in the action. These issues have been resolved in Horava-Lifshitz (H-L)
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gravity [12], where the Lorentz Invariance (LI) is broken at the fundamental
level (see [13] for a comprehensive progress report on this subject). Kinetic
terms are first order in the time derivatives, while higher spatial curvature
scalars regulate the UV behavior of the gravity.
In my previous work [5] on quantum gravity corrections in the Finite Ac-
tion Principle, I have shown that the Finite Action arguments applied to
the projectable H-L gravity result in a flat, homogeneous, UV-complete, and
ghost-free beginning of the universe. More importantly, our work shows that
resolving the Big Bang singularity is not model-sensitive. All previous work
in this field has been done in the quadratic gravity setup. This is a first
step to a conclusion that spacetime singularities are avoided by a model-
independent quantum corrections.
The quest of finding a suitable initial state of the universe imposed by some
dynamical mechanism may provide an alternative to the theory of scalar
field cosmological inflation. Widely discussed de-Sitter conjecture [14, 15]
states that string theory cannot have de-Sitter vacua and is in tension with
single field inflation [16, 17]. In string theory this goes under the name of
swampland conjectures [18, 19]. Swampland conjectures may also be under-
stood as conditions under which inflation becomes eternal [20]. This leads to
profound consequences. Initial fluctuations in the early universe may cause
an exponential expansion in points scattered throughout the space. Such
regions, rapidly grow and dominate the volume of the universe, creating
ever-inflating, disconnected pockets. Since so far there is no way to verify
the existence of the other pockets, we treat them as potential autonomous
universes, being part of the multiverse.
Recently we investigated, whether eternal inflation occurs in UV-complete
theories [21]. Our findings suggest that asymptotically safe theories flatten
inflationary potentials at large field values, generically creating the multi-
verse. There is strong theoretical evidence that the theory of cosmological
inflation inevitably leads to a multiverse. On the other hand, the theory
of inflation is a well-established model providing an answer to problems in
classical cosmology, such as the flatness problem, large-scale structure for-
mation, homogeneity, and isotropy of the universe. A handful of models is
in an agreement with the CMB observations. In the inflationary models,
quantum fluctuations play a crucial role in primordial cosmology, providing
a seed for the large-scale structure formation after inflation. This motivates
the question, whether there exist models with similar predictions to inflation,
however without the consequences of the multiverse? Finite Action Princi-
ple, Hartle-Hawking proposal, and possibly O(d, d) symmetry may give rise
to an initial state of the universe in agreement with CMB data, or provide
novel mechanisms of exponential space expansion not based on scalar in-
flaton evolution. Such dynamical mechanism is also necessary to evade the
fine-tuning problem of initial conditions.
The field of T-duality research is a well-established part of string theory.
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Dualities are crucial in M-theory considerations and the cosmological pre-
dictions stemming from O(d, d) symmetry are lively investigated by physi-
cists around the globe. This work aims at establishing a connection between
O(d, d) transformations and spacetime transformations.
Once the interplay between spacetime and O(d, d) symmetry is known, the
developed framework may be used in the future to find a possible initial
state of the universe and produce cosmological predictions, which could be
observed. There have been very recent developments in the no-boundary
proposal [22], concerning quantum corrections to the Hartle-Hawking ap-
proach to the Big Bang. In particular, it has been shown, that no boundary
proposal holds up to first order in α′. One may wonder, whether it is possible
to develop this result, using non-perturbative O(d, d) methods, enforcing the
candidate for the initial state of the universe to all orders in α′. This new
result would be one of the strongest arguments in favor of the no-boundary
proposal. Here we propose a formalism for studying the global O(d, d) sym-
metry on curved backgrounds.
Finally, recently developed Finite Action Principle could serve as a dynam-
ical mechanism restricting the number of observable dimensions. Then, the
size of the additional 6 dimensions of the superstring theory "shrinks" as
noticed in [7]. One could expect a restriction on this size, following from
the known age of the universe. This bound may be verifiable in the current
accelerators and possibly at odds with the theoretical prediction of string
theory.

3 General Relativity

General Relativity is one of the most established classical theories, it de-
scribes the relation between geometrical deformation of spacetime and grav-
itational forces present in the Universe. The consideration of GR is based on
the ansatz, that physical reality remains unchanged under a general trans-
formation of the reference frame. Tensor formalism is particularly useful in
the mathematical formulation of such an idea.

3.1 Diffeomorphism invariance

The invariance under coordinate transformation is usually [23] described in
terms of differential geometry. Space-time is considered to be a general
pseudo-Riemannian manifold and the transformations are diffeomorphisms.
In this section we will focus on the tensor approach to GR.
Consider a metric gµν on pseudo-Riemannian manifold and a diffeomorphism
given by the coordinate transformation: x −→ x′. The metric tensor trans-
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forms in a way rank 2 covariant tensor does:

gµν(x) −→ g′µν(x′) =
∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x). (3.1)

The determinant of g′(x′) takes form:

g′ = det
( ∂x
∂x′

)2
g, (3.2)

hence the transformation of the square root of the determinant of the metric
tensor is given by:

√
g −→

∣∣∣det
( ∂x
∂x′

)∣∣∣√g. (3.3)

One may now see, that diffeomorphism invariant integral measure is:

√
gdDx −→

∣∣∣ det
( ∂x
∂x′

)∣∣∣ · ∣∣∣ det
(∂x′
∂x

)∣∣∣√gdDx =
√
gdDx, (3.4)

Where the second determinant is simply the Jacobian. General Relativity
is invariant under change of the reference frame. The action of the theories
in curved space-time consists of fully contracted tensors and above invariant
measure.

3.2 Tensors of GR

The coordinate invariant structure of General Relativity relies heavily on
tensorial notation. The core tensors of the theory are briefly described in
this section.
Consider a vector field ~v, which may be expressed in a set of basis vectors êi
as ~v = vmêm. We may calculate how does the vector field ~v change with the
change of coordinate components xi. What is important, we do not assume
constant basis vectors:

∂~v

∂xi
=

∂

∂xi
(vmêm) =

∂vm

∂xi
êm + vm

∂êm
∂xi

=
(∂vm
∂xi

+ Γmikv
k
)
êm. (3.5)

The components Γmikv
k are called Christoffel symbols, and may be under-

stood as expansion components of the new basis vectors ∂êi
∂xk

in the old basis:

∂êi
∂xk

= Γmikêm. (3.6)

Usually Christoffel symbols are computed thanks to the identity:

Γρµν =
1

2
gρλ
(
gλµ,ν + gλν,µ − gµν,λ

)
. (3.7)
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They are closely connected to the covariant derivative, which is introduced
to include the change of basis vector in (3.5), hence the definition:

∇ivm =
∂vm

∂xi
+ Γmikv

k. (3.8)

Partial derivative of a vector field does not transform as a tensor, however
covariant derivative does. This extends to higher rank tensors, in particular
the covariant derivative for rank (2,0) tensor is given by:

τab;c = ∂cτ
ab + Γacdτ

db + Γb cdτ
da. (3.9)

The central object in General Relativity is the Riemann tensor, which con-
tains information about curvature of a given manifold. It is constructed of
metric tensor and its first and second derivatives:

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ. (3.10)

In 4D it has 20 independent components, while in 2D there is only 1 inde-
pendent component [24]. Important symmetries of Riemann tensor are:

• Skew symmetry, Riemann tensor is antisymmetric in 1↔ 2 and 3↔ 4
indices:

Rabcd = −Rbacd = −Rabdc

• Interchange symmetry, symmetric in pairs {1, 2} ↔ {3, 4}:

Rabcd = Rcdab

• First Bianchi Identity, cyclic sum of {2, 3, 4} is qual to 0:

Rabcd +Racdb +Radbc = 0

• Second Bianchi Identity. cyclic sum of covariant derivatives is equal to
zero:

Rabcd;e +Rabde;c +Rabec;d = 0

Ricci tensor is a contracted Riemann tensor and describes how much a given
space diverges from a flat one

Rµν = Rρµρν . (3.11)

Ricci scalar is another contraction of the Riemann tensor:

R = Rµµ. (3.12)

Convenient way of calculating the Ricci scalar:

R = gµν
(

Γρµν,ρ − Γρµρ,ν + ΓσµνΓρρσ − ΓσµρΓ
ρ
νσ

)
. (3.13)
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3.3 Energy momentum tensor conservation

The curvature of space-time is intimately connected with the distribution of
mass and energy. From classical field theory, it is well known, information of
the energy of a given system is encoded in energy-momentum tensor. Usually,
it is understood as Noether current conserved under space-time translations
[25].
In the curved space-time the energy momentum tensor may be defined, via
variation of the action under metric transformation:

δS :=
1

2

∫
dDx
√
−gTµνδgµν ,

gµν(x) −→ gµν(x) + δgµν(x).

Under infinitesimal translation xµ −→ xµ + εµ(x) the variation of the metric
tensor is:

δgµν =
(
δµν − ∂µεα

)(
δβν − ∂νεβ

)
gαβ(x+ ε)− gµν(x)

= gµν(x+ ε)− gµν(x)− ∂µεν − ∂νεµ
= εα∂αgµν − ∂µεν − ∂νεµ.

We shall now prove that εα∂αgµν − ∂µεν − ∂νεµ = ∇µεν + ∇νεµ. Starting
with the definition of covariant derivative we evaluate ∇µεν :

∇µεν = ∇µ(gµαε
α) = gνα∇µεα = gνα(∂µε

α + Γακµε
κ)

∇µεν +∇νεµ = gνα∂µε
α + gµα∂νε

α +
(
gναΓακµ + gµαΓακν

)
εκ.

The second equality follows from the fact, that covariant derivative of a
metric tensor vanishes. This may be shown using (5.15) and the definition
of the covariant derivative. The term containing Christoffel symbols may be
rewritten:

gναΓακµ + gµαΓακν =
1

2
gναg

αβ(∂κgβµ + ∂µgκβ − ∂βgκµ)+

+
1

2
gµνg

αβ(∂κgβν + ∂νgκβ − ∂βgκν) = ∂κgµν .

Hence,
δgµν = ∇µεν +∇νεµ. (3.14)

The action variation vanishes, when ∇µTµν = 0 is satisfied:

δS =
1

2

∫
dDx
√
−gTµνδgµν =

∫
dDx
√
−gTµν∇µεν = −

∫
dDx
√
−g∇µTµνεν .

(3.15)

Where in the last equality integration by parts was performed.
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3.4 Killing vectors

Killing vectors generalize notion of symmetry and provide a constructive way
of choosing convenient coordinate system on a spacetime. They generate
isometries corresponding to the symmetry of a given manifold. We consider
a worldline xµ(λ) and it’s transformation xµ(λ + δλ). We impose, that the
line element is symmetric under such change

0 = δ
(
ds2
)

(3.16)
= δ (gµνdx

µdxν)

= δgµνdx
µdxν + gµν (δ(dxµ)dxν + dxµδ(dxν)) ,

(3.17)

the variation and derivative commute. Variation of the metric tensor δgµν is
given by:

gµν −→ gµν +
dgµν
dλ

δλ+O(δλ2) (3.18)

= gµν +
∂gµν
∂xα

dxα

dλ
δλ+O(δλ2).

Hence, δgµν =
∂gµν
∂xα ξ

αδλ, where the vector ξα is tangent to the path of
isometry ξα = dxα

dλ . For the line component variation we have δdxµ = dδxµ =

ddx
µ

dλ δλ = dξαδλ. Which together with equation (3.16) gives:

gµν ,α ξ
α + gανξ

α,µ +gαµξ
α,ν = 0. (3.19)

Above expression is equivalent to:

ξµ;ν + ξν;µ = 0, (3.20)

which is known as Killing equation, while vectors satisfying it are called
Killing vectors. Killing vectors conatain information about spacetime sym-
metry and may be used to express conserved quantities. Consider a geodesic
equation of a massive particle

dUα

dτ
+ ΓαβνU

βUν = 0, (3.21)

where Uα is particle’s four-velocity and τ is the proper time. Contacting it
with a Killing vector ξα gives us

0 = ξα
dUα

dτ
+ ξαΓαβνU

βUν (3.22)

=
d

dτ
(ξαUα)− dξα

dτ
Uα + ξαΓαβνU

βUν .
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Since

dξα

dτ
Uα =

∂ξα

∂xβ
dxβ

dτ
Uα =

∂ξα

∂xβ
UβUα, (3.23)

then applying it to the previous equation we have

d

dτ
(ξαUα) = UβUν

(
ξν ,β −ξαΓαβν

)
= UβUνξν;β. (3.24)

The right hand side vanishes, because the antisymmetric tensor ξν;β is con-
tracted with symmetric UβUν . This results in a conserved quantity

ξαUα = const. (3.25)

4 Conformal Anomaly

String theory is usually described in the path integral approach by Polyakov
action:

S = − 1

4πα′

∫
d2σ
√
−ggαβ∂αXµ∂βX

νηµν , (4.1)

for a flat background metric ηµν . Indices α, β run over two-dimensional
worldsheet, while µ, ν run over 26 dimension in case of the bosonic strings,
or 10 dimensions in case of superstrings. It is invariant under Lorentz and
Weyl transformation. The demand of vanishing Weyl anomaly implies that
the spacetime must be 10-dimensional. Moreover, in the curved spacetimes
it determines the equations of motion of a string. These equations may be
derived from a certain effective action, which will be crucial in our further
discussion of the O(d, d) symmetry. In this section, we describe Weyl sym-
metry, conformal anomaly, and introduce the low-energy effective action of
bosonic strings.

4.1 The Weyl transformations

The Weyl transformation is a transformation of the form [26]:

gµν(x) −→ Ω2(x)gµν(x). (4.2)

An infinitesimal transformation can be written:

gµν(x) −→ gµν + ω(x)gµν(x). (4.3)

The variation of the action yields energy momentum tensor conservation:

δS :=
1

2

∫
dDx
√
−gTµνδgµν =

1

2

∫
dDx
√
−gTµµω(x), (4.4)
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hence for the Weyl symmetry the energy momentum tensor is traceless:

Tµµ = 0. (4.5)

A conformal transformation is transformation of the coordinates, such that
metric tensor is rescaled. It is a Weyl transformation performed through the
change of basis.
It may be shown, that the group of conformal transformations consists of:

• Spacetime translations: xµ −→ xµ + αµ

• Lorentz rotations: xµ −→ xµ + ωµνxν , ωµν = −ωνµ

• Scale transformations: xµ −→ xµ + σxµ

• Special conformal transformations: xµ −→ xµ − 2(b · x)xµ + x2bµ

Consider infinitesimal transformation xµ = xµ − εµ(x′), the metric tensor
variation (3.14) in the flat space is:

δgµν = ω(x)gµν = −∂νεµ − ∂µεν . (4.6)

Taking the trace of both sides, in 2 dimensions we have:

ω(x) = −∂µεµ. (4.7)

and the metric variation equation gives:

∂νεµ + ∂µεν = ∂αε
αgµν , (4.8)

it may be rewritten to the Cauchy-Riemann conditions, which are satisfied
by holomorphic functions: {

∂1ε1 = ∂2ε2

∂2ε1 = −∂1ε2
(4.9)

Such a structure of space-time translations allows to construct its holomor-
phic and antiholomorphic parts.
The conformal current of such symmetry is Jµ = Tµνε

ν and it is conserved:

∂µJµ(ε) =
(
∂µTµν

)
εν + Tµν(∂µεν). (4.10)

The first term vanishes, because of energy-momentum tensor conservation.
Using the fact, that energy-momentum tensor is symmetric we may rewrite
the second term:

∂µJµ(ε) = Tµν(∂µεν) =
1

2
Tµν(∂µεν + ∂νεµ) =

1

2
Tµµ ∂αε

α = 0, (4.11)

where in the second equality (4.8) has been applied, and in the third equality
tracelessness of the energy-momentum tensor used.

13



4.2 Conformal gauge

The main advantage of the conformal 2D gravity is a presence of additional
degree of freedom, which lets us [27] express the metric tensor in so called
conformal gauge:

gµν = eσ(x)δµν . (4.12)

A metric tensor may be expressed in such a form by choosing synchronous
frame- a reference frame in which the time coordinate defines the proper time
for all co-moving observers. For a more detailed discussion see [25]. This
lets us set g0idx

i to zero, which in 2D means that metric tensor is diagonal.
Choosing the synchronous frame does not exhaust gauge freedom and we
still may perform spatial rotations, this additional degree of freedom lets us
set both diagonal components of the metric to be equal eσ. Calculation of
the Ricci scalar is especially simple, using the trick (5.14):

R(x) = −e−σ(x)
(
∂2

1σ(x) + ∂2
2σ(x)

)
= −∂µ∂µσ(x) = −∆σ(x). (4.13)

The usual CFT approach is to complexify the space with the conformal
coordinates:

z = x1 + ix2, z̄ = x1 − ix2, (4.14)

metric tensor in the new coordinates takes form

gµν =

(
eσ(x) 0

0 eσ(x)

)
−→ gzµzν =

1

2

(
0 eσ(z,z̄)

eσ(z,z̄) 0

)
.

It is easy to check the inverse metric is:

gzµzν = 2

(
0 e−σ(z,z̄)

e−σ(z,z̄) 0

)
.

Ricci scalar in complex coordinates takes form:

R(z, z̄) = −4e−σ(z,z̄)∂z∂z̄σ(z, z̄). (4.15)

As it has been shown in the introductory GR section, the energy momentum
tensor is conserved. In the complex coordinates the conservation law is
equivalent to the pair of equations:

∇µTµν =

(
∇zT zz +∇z̄T z̄z
∇zT zz̄ +∇z̄T z̄z̄

)
= 0

In the conformal gauge, by applying (3.9) one gets:{
∂z̄T

z̄z̄ + 2∂z̄σT
z̄z̄ + ∂zT

zz̄ + ∂zσT
zz̄ = 0

∂zT
zz̄ + ∂zσT

zz̄ = 0
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4.3 Conformal anomaly

In the flat space, the CFT structure of a theory implies a vanishing trace of
the energy-momentum tensor. This is not the case in curved space, instead,
the trace is characterized by the conformal anomaly equation which is of
great importance in the quantum case:

Tµµ = αR(x). (4.16)

It is also an indicator of Weyl symmetry violation. This will be crucial, when
introducing low-energy effective action in the next section.
Recall, the form of Ricci scalar in complex coordinates (4.15). We find the
explicit form of components of the energy-momentum tensor:

T zz + T z̄z̄ = −4αe−σ∂z∂z̄σ
2gzz̄Tzz̄ = 4e−σTzz̄ = −4αe−σ∂z∂z̄σ

Tzz̄ = −α∂z∂z̄σ

Continuity equation for component z can be written as:

∂z̄Tzz + eσ∂z

(
e−σTzz̄

)
= 0, (4.17)

while in the flat space the continuity equation in complex coordinates gives:
∂zTz̄z̄ = 0 and ∂z̄Tzz = 0.
The continuity equation implies existence of holomorphic structure of the
energy-momentum tensor. We may define holomorphic pseudotensor:

∂z̄T := ∂z̄

[
Tzz −

α

2

(
− (∂zσ)2 + 2∂2

zσ
)]

= 0, (4.18)

antiholomorphic pseudotensor:

∂zT̄ := ∂z

[
Tz̄z̄ −

α

2

(
− (∂z̄σ)2 + 2∂2

z̄σ
)]

= 0. (4.19)

Notice these objects are not tensors, their coordinate transformation is anoma-
lous.

4.4 String theory effective action

The action of a string in a background containing the massless fieldsGµν , Bµν
and Φ(X) is given by [28]

S =
1

4πα′

∫
d2σ
√
g
(
Gµν(X)∂αX

µ∂βX
νgαβ + iBµν(X)∂αX

µ∂βX
νεαβ

(4.20)

+ α′Φ(X)R(2)
)
,

15



where R(2) is the two-dimensional Ricci curvature of the worldsheet. The
dilaton coupling does not preserve the Weyl invariance. By investigating the
trace of the energy-momentum tensor we have three different contributions
corresponding to the Weyl symmetry violation:

〈Tαα〉 = − 1

2α′
βµν(G)gαβ∂αX

µ∂βX
ν − i

2α′
βµν(B)εαβ∂αX

µ∂βX
ν − 1

2
β(Φ)R(2).

(4.21)

The one-loop beta functions are given by:

βµν(G) = α′Rµν + 2α′∇µ∇νΦ− α′

4
HµλκH

λκ
ν (4.22)

βµν(B) =
α′

2
∇λHλµν + α′∇λΦHλµν (4.23)

β(Φ) = −α
′

2
∇2Φ + α′∇µΦ∇µΦ− α′

24
HµνλH

µνλ. (4.24)

Since the Weyl invariance is present when 〈Tαα〉 = 0, we impose βµν(G) =
βµν(B) = β(Φ) = 0. Moreover, these equations may be viewed as the
equations of motion. There exist an action, that gives a rise to the same
equations, and it is known as the low-energy effective action:

S =
1

2κ2

∫
d26X

√
−Ge−2φ

(
R+ 4Gµν∂µφ∂νφ−

1

12
HµνρH

µνρ

)
. (4.25)

By low-energy, we mean that it properly describes the one-loop behavior of
the full theory. It is applicable to the spacetimes with curvature radius much
bigger than

√
α′.

This action will serve us as a starting point for exploration of the O(d, d)
symmetry. We will show that on the cosmological backgrounds it is indeed
invariant under the action of O(d, d) group.

5 T-duality

In this section we introduce the notion of duality in string theory following
closely [29].
In theoretical physics, "duality" has multiple meanings. In the context of
string theory, the original meaning of duality was regarding a symmetry
between s and t channels in the strong interaction S-matrix. A spacetime
duality, known as T-duality is a more recent notion. Speaking coloquially,
it relates physical properties at large distances and short distances. It is
frequently used to show an equivalence between theories with different ge-
ometries or even topologies. In the case of toroidal compactification, 1-
dimensional, T-dual theory will be invariant under transformation:

R→ α′

R
, φ→ φ− log

(
R√
α′

)
, (5.1)
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where R is the radius of the compactified dimension, φ is the dilaton, and
α′ is an inverse of the string’s tension. For multiple dimensions the proper
transformation is:

(g + b)→ (g + b)−1, φ→ φ− 1

2
log (det(g + b)) , (5.2)

where gij is a d-dimensional metric tensor and bij is an antisymmetric tensor.
It is an element of infinite-order discrete symmetry group O(d, d,Z) for d-
dimensional compactification.
The equivalence of two models connected by the T-duality may be seen in
the example of sigma model constructed from fields (g, b, φ) on a manifold
with coordinate system (x0, xα) = (θ, xα). We assume there is an isometry,
which acts as translations of θ. Consider an action:

S =
1

4πα′

∫
d2ξ

[√
hhµνgij∂µx

i∂νx
j + iεµνbij∂µx

i∂νx
j + α′

√
hR(2)φ(x)

]
,

(5.3)

where gij is a target space metric, R(2) is a curvature corresponding to the
two-dimensional world-sheet metric hµν , bij is a torsion field, φ is the dilaton.
The action may be rewritten with a 1-form V defined on the d-dimensional
target space manifold:

Sd+1 =
1

4πα′

∫
d2ξ
{√

hhµν(g00VµVν + 2g0αVµ∂νx
α + gαβ∂µx

α∂νx
β) (5.4)

+ iεµν(2b0αVµ∂νx
α∂νx

β + bαβ∂µx
α∂νx

β) + 2iεµν θ̃∂µVν + α′
√
hR(2)φ(x)

}
.

The field θ̃ plays a role of Lagrange multiplier. Variation of θ̃ gives relation
εµν∂µVν = 0. On a topologically trivial worldsheet this condition forces
Vµ = ∂µε and the initial action (5.3) is retrieved. Alternatively, one may
integrate out the Vµ field by finding its explicit form from the least action∫ δSd+1

δVµ
δVµ = 0, resulting in:

V µ = − 1

g00

(
gα0∂

µxα +
i√
h
εµν(b0α∂νx

α − ∂ν θ̃)
)
. (5.5)

Substituting the above expression for Vµ in (5.4) we obtain

S̃ =
1

4πα′

∫
d2ξ
{√

hhµν(g̃00∂µθ̃∂ν θ̃ + 2g̃0α∂µθ̃∂νx
α + g̃αβ∂µx

α∂νx
β) (5.6)

+ iεµν(2b̃0α∂µθ̃∂νx
α + b̃αβ∂µx

α∂νx
β) + α′

√
hR(2)φ̃(x)

}
,
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where the tilde parameters connect dual and original theory by:

g̃00 =
1

g00
, g̃0α =

b0α
g00

, (5.7)

g̃αβ = gαβ −
g0αg0β − b0αb0β

g00
, b̃0α =

g0α

g00
,

b̃αβ = bαβ −
g0αb0β − g0βb0α

g00
, φ̃ = φ− 1

2
log g00.

The form of the dilaton transformation is necessary to make the dual theory
conformally invariant. The shift to the first order in α′ was derived in [30].
In the dual model, the tilde fields do not depend on θ̃ so the theory is invari-
ant with respect to translations in this coordinate. There are several issues
with such construction of the dual model. In particular, it is not manifestly
Lorentz invariant, the spherical topology is necessary for the assumption
Vµ = ∂µε to be valid, finally fixed points of the isometry in the initial theory
become singular in the dual theory. An alternative way of addressing these
questions was discussed in [31]. Instead of introducing the 1-form V, one
may gauge the sigma model (5.3) with the gauge field Aµ. Upon the trans-
formation θ → θ + ε, the gauge field transforms δAµ = −∂µε. Integrating
out the gauge field from the gauged theory leads to the dual theory (5.4).
A simple example of the occurance of the singularities in the dual models
concerns 2D polar coordinates:

ds2 = dr2 + r2dθ2. (5.8)

After the duality transformation the metric becomes:

ds2 = dr2 +
1

r2
dθ2. (5.9)

The fixed point r = 0 of the isometry becomes a singular point in the dual
model. This leads to profound consequences in the models with Lorentzian
signature. In [32, 33] an observation was made, that the event horizon and
the singularity of a 2D black hole are interchanged by the duality transfor-
mation. To see this, consider a time-like Killing vector k of a black hole
solution. On the event horizon, the vector becomes null. From the identity
g00 = ||k||2 and the transformation (5.7) we can see the appearance of the
singularity.

5.1 O(d,d) manifestly invariant action

In this section we provide a detailed calculation proving the O(d, d) symme-
try of the low-energy effective action. This generalized T-duality was found
first by K.A. Meissner and G. Veneziano in [7] in 1991.
Gravitational sector of all supersymmetric string theories contains massless
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fields appearing in the bosonic strings: scalar dilaton φ(x), metric tensor
interpreted as the spin-2 graviton Gµν and anticommuting Kalb-Ramond
2-form field Bµν . The low-energy action takes the form

S =
1

2κ2

∫
dDx
√
−Ge−2φ

(
R+ 4Gµν∂µφ∂νφ−

1

12
HµνρH

µνρ

)
, (5.10)

where D is the dimension of the spacetime, R is the Ricci scalar curvature
of the metric Gµν and Hµνρ is a field strength of Bµν , defined as Hµνρ :=
∂µBνρ+∂νBρµ+∂Bρµν . For the cosmological backgrounds, the fields ansatz
is: G00 = −n2(t), G0i = 0, Gij = gij(t), B00 = 0, B0i = 0, Bij = bij(t), and
φ = φ(t). The effective action (5.10) may be expressed in the manifestly
O(d, d) form:

S = − 1

2κ2

∫
ddx

∫
dtn(t)e−Φ

[
(DΦ)2 +

1

8
tr (DM)2

]
, (5.11)

where D = 1
n
∂
∂t , Φ = 2φ − ln

√
det g is the shifted dilaton field and g is the

spatial metric tensor. Following the formalism of [34], 2d-dimensional matrix
S is defined as:

M = ηH =

(
bg−1 g − bg−1b
g−1 −g−1b

)
, (5.12)

where η is the anti-diagonal O(d, d) metric and H ∈ O(d, d):

η =

(
0 1
1 0

)
, H =

(
g−1 g − g−1b
bg−1 g − bg−1b

)
. (5.13)

For the cosmological background ansatz, the integration measure of (5.10)
is given by

∫
dDx
√
−G =

∫
ddxdt n

√
g. The dilaton kinetic term becomes

4Gµν∂µφ∂νφ = − 4
n2 φ̇

2. Scalar curvature may be found by the virtue of the
relation

R = gµν
(

Γρµν,ρ − Γρµρ,ν + ΓσµνΓρρσ − ΓσµρΓ
ρ
νσ

)
, (5.14)

where Γρµν are the Christoffel symbols. If torsion of the metric vanishes,
they are given by:

Γρµν =
1

2
gρλ
(
gλµ,ν + gλν,µ − gµν,λ

)
. (5.15)

The only non-zero components of Γρµν are given by:

Γ0
00 =

ṅ

n
, Γ0

ij =
1

2n2
ġij , Γi 0j =

1

2
gikġkj . (5.16)
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The Ricci scalar (5.14) is given by:

n(t)R = n(t)g00
(
−Γi i0,0 + Γ0

00Γi i0 − Γi 0jΓ
j

0i

)
+ (5.17)

+ n(t)gij
(

Γ0
ij,0 + Γ0

ijΓ
0

00 − Γ0k i0Γ0
jk − Γ0

ikΓ
k
j0 + Γ0

ijΓ
k
k0

)
=

1

n
gij g̈ij +

1

2n
ġij ġij −

ṅ

n2
gij ġij −

1

4n
gklġlig

ij ġjk+

+
1

4n
gij ġijg

klġkl

=
1

n

(
gij g̈ij −

ṅ

n
gij ġij −

3

4
gklġlig

ij ġjk +
1

4
gij ġijg

klġkl

)
,

where in the last equality the time derivative of the inverse metric tensor
was expressed as ġij = −gjkgilġlk. The term corresponding to the strength
of the field Bµν is:

− 1

12
HµνρH

µνρ = −1

4
(∂µBνρ∂

µBνρ + ∂µBνρ∂
νBρµ + ∂µBνρ∂

ρBµν) (5.18)

= −1

4
ḃij ḃ

ij = −1

4
ḃijg

00∂0

(
gikgjlbkl

)
=

1

4n2
ḃij

(
ġikgjlbkl + gikġjlbkl + gikgjlḃkl

)
=

1

4n2
gik ḃkl g

lj ḃji,

where in the last equality, tensor ḃij(ġikgjl + gikġjl) symmetric under l↔ k,
was summed with the antisymmetric tensor bkl.
We may now simplify the O(d, d) invariant action (5.11). Introducing the
convention det ġ := d

dt det g The first term gives

−
∫
dt n(t)e−Φ (DΦ)2 = −

∫
dt ne−2φ

√
det g

[
1

n
∂t

(
2φ− ln

√
det g

)]2

(5.19)

=

∫
dt

√
det g

n
e−2φ

(
−4φ̇2 + 2φ̇

det ġ

det g
− 1

4

(
det ġ

det g

)2
)
.

The term linear in φ̇ may be integrated by parts:

−
∫
dt

√
det g

n
e−2φ(−2φ̇)

det ġ

det g
=

∫
dte−2φ∂t

(
1

n

det ġ√
det g

)
(5.20)

=

∫
dte−2φ

√
det g

n

(
det g̈

det g
− ṅ

n

det ġ

det g
− 1

2

(
det ġ

det g

)2
)
.
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The (DΦ)2 contribution is equal to:

−
∫
dt n(t)e−Φ (DΦ)2 =

∫
dte−2φ

√
det g

n

(
−4φ̇2 +

det g̈

det g
− ṅ

n

det ġ

det g
− 3

4

(
det ġ

det g

)2
)
.

(5.21)

One may use the identity ∂µ (det g) = det g gαβ∂µgαβ to express the above
determinants in terms of traces:

det ġ

det g
= gij ġij , (5.22)

det g̈

det g
= gij ġijg

klġkl − gikġklglj ġji + gij g̈ji.

Equation (5.21) gives:

−
∫
dt n(t)e−Φ (DΦ)2 =

∫
dte−2φ

√
det g

n

(
− 4φ̇2 +

1

4
gij ġijg

klġkl (5.23)

− gikġklglj ġji + gij g̈ji −
ṅ

n
gij ġij

)
(5.24)

Let us evaluate the tr(DS)2 term. For the sake of clarity, only the relevant
block-diagonal elements of the matrix are shown explicitly:

n2
[
(DS)2

]
11

= ḃg−1ḃg−1 + bġ−1ḃg−1 − bg−1ḃġ−1 + ġġ−1, (5.25)

n2
[
(DS)2

]
22

= ġ−1ġ − ġ−1ḃg−1b+ g−1ḃġ−1b+ g−1ḃg−1ḃ.

Using the cyclicity of the trace one gets:

−1

8

∫
dt n(t)e−Φ tr(DS)2 = −

∫
dt

√
det g

4n
e−2φ tr

(
ġġ−1 + ḃg−1ḃg−1

)
(5.26)

= −
∫
dt

√
det g

4n
e−2φ

(
ġij ġij + ḃklg

lj ḃjig
ik
)

=

∫
dt

√
det g

4n
e−2φ

(
gikġklg

lj ġji − ḃklglj ḃjigik
)
,

where in the last equality we have used ġij = −gijgklġkl.
One may now combine formulae (5.23, 5.26) to evaluate (5.11):

S =
1

2κ2

∫
ddx

∫
dt

√
det g

n
e−2φ

(
− 4φ̇2 + gij g̈ij −

ṅ

n
gij ġij (5.27)

−3

4
gklġlig

ij ġjk +
1

4
gij ġijg

klġkl −
1

4
ḃklg

lj ḃjig
ik
)
,
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which is equal exactly to (5.17, 5.18) and 4Gµν∂µφ∂νφ combined. Hence,
the low-energy string inspired effective action may be expressed in O(d, d)
invariant way.
The manifestly invariant framework helps us find solutions to the extremely
complex equations of motion stemming from (5.10). In the following section
we will describe in detail, how to construct the manifestly invariant solutions
originally found in [7]. We also comment on their impact on the string theory
in the context of Finite Action Principle.

5.2 Equations of motion

Let us derive the equations of motions for the manifestly invariant action
and provide a simple solution. We follow very closely the reasoning in [7]
adding only the details of the calculation.
There are three fields which we may vary Φ, n(t) and M. The equations
stemming from the first two are easily obtained, in the case ofM one needs
to keep in mind that its variation is constrained. We provide as many details
of the calculations as possible.
We set n = 1 and consider the action:

S =

∫
dte−Φ

[
Λ +

(
Φ̇
)2

+
1

8
Tr
(
ηṀηṀ

)]
. (5.28)

The global O(d, d) group acts as

Φ −→ Φ, M−→ ΩTMΩ. (5.29)

If we were to leave the lapse function n(t) dependence in the action and
calculate its variation, we would get a simple equation:

Λ +
(

Φ̇
)2

+
1

8
Tr
(
ηṀηṀ

)
= 0. (5.30)

We start with variation with respect to the dilaton Φ. A straight forward
calculation gives:

δS =

∫
dt

[
−Λ− 1

8
Tr
(
ηṀηṀ

)
+ Φ̇− 2Φ̈

]
δΦ. (5.31)

Field M is constrained by (ηM)2 = S2 = 1. The variation with respect
to S may be done by considering a general action containing an arbitrary
function L(S):

S =

∫
dtneΦL(S), (5.32)

so that

δS =

∫
dtneΦ Tr (δSFS) , (5.33)
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where FS = 0 are the equations of motion for an unconstrained variation δS.
We know however, that the constrain S2 = 1 implies

δS = −SδSS. (5.34)

As described in [34], it follows that δS in terms of an unconstraint variation
δK is:

δS =
1

2
(δK − SδKS) . (5.35)

Now the constraint is identically satisfied for any δK. Therefore, substituting
expression for δS into (5.33), the equations of motion follow:

δS =

∫
dteΦ Tr (δKES) , ES =

1

2
(FS − SFSS) = 0. (5.36)

The constrained variation gives

δS =

∫
dtne−Φ Tr (δSFS) , FS =

1

4

(
S̈ − Φ̇Ṡ

)
, (5.37)

by plugging it into the ES we get

ES =
1

4

(
S̈ + S

(
Ṡ
)2
− Φ̇Ṡ

)
= 0. (5.38)

Going back to our original notation (and multiplying both sides by S from
the left) we have the equations of motion ofM

ṀηṀ+MηM̈ = Φ̇MηṀ (5.39)

5.3 Solutions

We can solve the equations of motion (5.39) following from variation ofM
by noticing, that the left hand side is a full derivative

d

dt

(
MηṀ

)
= Φ̇

(
MηṀ

)
. (5.40)

We may think of an analogous scalar equation and its solution:

d

dt
x(t) = f(t)x(y) (5.41)

x(t) = A exp

(∫
f(t)dt

)
,

with A constant. This is formalized also for the matrix equations and we
may write the solution to (5.40):

eΦ
(
MηṀ

)
= A = const. (5.42)
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where, due to its definition, the matrix A satisfies

AT = −A, MηA = −AηM. (5.43)

These equations of motion are manifestly invariant under transformation
(5.29). We can also find equation containing only dilaton, by evaluating a
term

Tr [ηAηA] = e−2Φ Tr
[
ηMηṀηMηṀ

]
(5.44)

= −e−2Φ Tr
[
ηMηṀηṀηM

]
(5.45)

= e−2Φ Tr
[
ηṀηṀ

]
, (5.46)

where we have used the cyclicity of the trace and the identities:
ηṀηM = −ηMηṀ. and ηMηM = 1. Applying (5.44) to (5.30) we get(

Φ̇
)2

=
1

8
e2Φ Tr (Aη)2 − Λ, (5.47)

which one can solve for t:

t =

∫ Φ

Φ0

dy

[
1

8
e2y Tr (Aη)2 − Λ

]−1/2

. (5.48)

We can also give an explicit solution to equation (5.40):

eΦA =MηṀ (5.49)

eΦA = −ṀηM
−eΦAηM = Ṁ,

where in the second equality we have used ṀηM = −MηṀ and in the
third ηMηM = 1. The elegant solution forM is:

M(t) = exp (τAη)M(t0), (5.50)

where τ is the dilaton time defined as

τ =

∫ t

t0

eΦdt′. (5.51)

Furthermore, in [7] the two cases are considered:

Case 1: Λ = 0 As an exemplary solution we may take Λ = 0. From (5.48)
we have:

eΦ = α =
C

T − t
, C =

√
8

Tr(Aη)2 . (5.52)
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The dilaton time τ is then

τ = C ln
T − t
T − t0

(5.53)

and the solution forM is given by

M(t) = exp

(
CAη ln

T − t
T − t0

)
. (5.54)

To focus our attention, we assume a simple form of A, satisfying (5.43):

A =

(
0 −Ad
Ad 0

)
, (5.55)

with Ad = diag(a1, . . . , ad). Then the explicit form ofM is given by

M(t) =

 diag

[(
T−t
T−t0

)−2α1

, . . .

]
0

0 diag

[(
T−t
T−t0

)−2α1

, . . .

]
 , (5.56)

where we denote αi = ai√
Σa2i

.

Case 2: Λ 6= 0 We proceed similarly as before, the difference is in the first
performed integral (5.48) where a hyperbolic sine appears. We have:

eΦ = α =
C
√

Λ

sinh
(√

Λ (T − t)
) , C =

√
8

Tr(Aη)2 . (5.57)

The dilaton time is given by

τ = C ln
tanh

(√
Λ(T − t

)
/2

tanh
(√

Λ(T − t0)/2
) . (5.58)

We want to note a peculiar solution in 1 + 9 dimensions, where

A =

(
0 diag(−a1, . . . ,−a9)

diag(a1, . . . , a9) 0

)
. (5.59)

ThenM is given by

M(t) =

 diag
[
tanh−2α1(

√
Λ(T − t)/2), . . .

]
0

0 diag
[
tanh−2α1(

√
Λ(T − t)/2), . . .

]  ,

(5.60)
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and its evolution is constrained when we look into the Ricci curvature scalar
and the dilaton:

R = − Λ

cosh2(
√

Λ(T − t)/2)

[∑
αi −

(
∑
αi − 1)2

4 sinh2(
√

Λ(T − t)/2)

]
(5.61)

eΦ =

[
tanh

(√
Λ(T − t)/2

)]∑αi−1

a cosh2(
√

Λ(T − t)/2)
(5.62)

They are singular for t −→ T . This means that the action is infinite at
this limit and in the spirit of Finite Action Principle [35, 4, 3, 2, 36, 5]
such solution will be dynamically excluded, as the exponential weight in the
path integral will vanish. There is however, an exception to this. Notice,
when

∑
αi = 1 the dilaton and curvature remain finite. Assuming all |αi|

are equal, the only possible choice of αi is {−1
3 ,−

1
3 , ,−

1
3 ,+

1
3 , . . . ,

1
3 , } corre-

sponding to six contracting dimensions and three expending.
This is a profound result of Meissner and Veneziano, as it provides a natural
mechanism explaining the observed number of dimensions and its incom-
patibility with string theory. The manifestly invariant approach together
with the Finite Action Principle may generate such solution in more general
setting.

6 Non-flat vacuum

The effective action (5.10) may be expressed in manifestly O(d, d)-invariant
form (5.11). However, it is not clear whether the symmetry is still present
on spacetimes with non-zero spatial curvature.

Toy Model As a toy-model we consider the general 4-dimensional FLRW
metric:

ds2 = −n2(t)dt2 + a2(t)

{
dr2

1− kr2
+ r2

(
dθ2 + sin θdφ2

)}
, (6.1)

where n(t) is the lapse function, a(t) is the scale factor, and parameter k =
{−1, 0, 1} corresponds to respectively: hyperbolic, flat, and spherical space.
The action (5.10) acquires additional contributions from the r dependence of
the metric, since now gij = gij(t, r). The measure and Ricci scalar is altered.
The scalar curvature is no longer given by (5.17). Explicite, for the metric
(6.1) one obtains:

RFLRW = 6

(
k

a2
− ȧṅ

an3
+

ȧ2

a2n2
+

ä

an2

)
, (6.2)

where the last 3 terms are equal to (5.17), hence, may be combined to fields
Φ and S. However, the first term 6 k

a2
breaks the O(d, d) symmetry, unless

26



the flat k = 0 case is considered. One may suspect, that HµνρH
µνρ gives

new contribution, as the partial derivatives were replaced with the covariant
ones:

Hµνρ = ∇µBνρ +∇νBρµ +∇ρBµν . (6.3)

It may be shown by a direct calculation, that the covariant HµνρH
µνρ is

equal to the flat one,1 and does not affect the action.

7 Symmetry restoration

In this section, we propose a way to restore the symmetry by compactification
along spacetime isometries. We briefly discuss the well-known case of one
abelian isometry in- a shift in the compactified dimension, which leads to a
redefinition of the torsion field and introduction of gauge fields. This was
later generalized to arbitrary number of isometries, as described in detail in
[9]. We propose a novel formalism, inspired by the work [9], based on the
group invariant Killing one-forms. We further gauge non-abelian isometries
of so(4) and so(3, 1) symmetric spacetimes.

Dimensional reduction of spacetimes with abelian isometries The
low energy effective aciton, that possesses O(d, d) symmetry may be dimen-
sionally reduced by integrating over a coordinate yα that is isometric and the
transformation yα −→ yα − ω(xβ) leaves the metric unchanged. Such reduc-
tion, introduces a vector gauge field Vµ in exchange for a freedom of choosing
y coordinate. For cyclic coordinate yα, this procedure is known as Kaluza-
Klein dimensional reduction. However, in the effective action (5.10) another
gauge degree of freedom is present. The torsion two-form B is defined up to
a derivative term and B −→ B− dΛ does not change the field strength Hµνρ.
These two gauge transformations are coupled and the reduced action can-
not be invariant under both of them simultaneously. One may redefine the
torsion field strength tensor H, to work with a fully gauge invariant theory.
Moreover, as it has been shown in [9], such theory will preserve its O(d, d)
symmetry even beyond one loop. The dimensional reduction approach was
generalised there to n abelian isometries, and the resulting explicitly O(d, d)
symmetric action is [9]:

S =

∫
dd+1−ne−2φ

{
R+ 4 (∇φ)2 +

1

8
Tr (L∇M)2 − 1

4
FTµνLMLFµν −

1

12
H2
µνρ

}
,

(7.1)

where the sigma model fields are combined in the matrixM:

M =

(
G−1 −G−1B
BG−1 G−BTG−1B

)
, L =

(
0 1
1 0

)
, (7.2)

1For a general metric
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where G, B and 1 are n × n matrices corresponding to a part of space-
time, invariant under the isometries. We denote G = (GMN ), B = B(MN ),
where latin indices run over isometry-invariant subspace. The gauge fields
introduced in [9] were arranged in a multiplet vectors:

Aµ =

(
V A
µ

WµA

)
, Fµν =

(
V A
µν

WµνA,

)
(7.3)

where V A
µν and WA

µν are standard field strengths consisting of gauge field
corresponding to gauging "A-th" isometry. Explicilty, for Vµ, field strength
tensor Vµν = ∂µVν − ∂νVµ. The torsion field strength can be modified to be
invariant with respect to both torsion and metric field gauge transformations:

Hµνλ = ∇µBνλ −
1

2
ATµLFνλ + cyclic permutations. (7.4)

Here, the O(n, n) transformation is a rotation M −→ ΩMΩT and the field
strength tensor transformation F −→ ΩF . It leaves the action invariant.

FLRW spacetime In this paragraph we identify the symmetry of FLRW
spacetime and propose an application of the invariant basis for determining
the symmetry of the low-energy action.
The introduction of gauge fields relies on the symmetry of the spacetime at
hand. For commuting isometries, we have introduced scalar components of
the vector fields Vµ and Wµ. This is however, based on the assumption that
the isometry transformation commute. What if the spacetime is symmetric
with respect to a non-abelian group transformation? As a case study, we
consider curved cosmological Friedmann-Lemaitre-Robertson-Walker space-
times. Commutation relations of Killing vectors of FLRW metric correspond
to so(4) and so(3, 1) Lie algebra. If the metric tensor is expressed in the co-
ordinates built from the Killing vectors, it becomes invariant under the group
transformation. Once the dimensions are integrated in the process of com-
pactification, the gauge fields should be introduced to fix the redundancy
of the former coordinate symmetry. In the Appendix we give a more for-
mal approach to the group-invariant metrics. Knowing the algebra of the
vectors tangent to a given Riemannian manifold, we may construct an Lie
group-invariant metric. We further give an example, how to find an algebra
corresponding to FLRW spacetime.
FLRW spacetime (6.1) possesses six linearly independent Killing vectors-
three corresponding to spatial rotations and three connected to generalized
translations. They have been carefully studied in the literature e.g. in [37]
it has been shown that the Killing vectors are zero modes of the covariant
Laplacian. They are also frequently generalized to Killing-Yano p-forms [38]
that generate new, conserved gravitational charges [39, 40] on asymptoti-
cally flat and Anti-de Sitter spacetimes. Killing-Yano one-forms are dual to
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Killing vectors. One may use the Killing-Yano formalism to elegantly derive
the FLRW Killing vectors, see [38]. They satisfy the same algebra as the
Killing vectors, and may be used as the group-invariant basis. As a result
of solving 10 linearly independent, partial differential equations one obtains
the six Killing vectors:

I1 = H−1
k ∂x, (7.5)

I2 = H−1
k ∂y,

I3 = H−1
k ∂z,

J1 = sinφ∂θ + ctgθ cosφ∂φ,

J2 = − cosφ∂θ + ctgθ sinφ∂φ,

J3 = −∂φ,

where H2
k = 1

1−kr2 . They satisfy the following commutation relation:

[Ji, Jj ] = εijkJk, [Ii, Ij ] = −kεijkJk, [Ji, Ij ] = εijkIk.

The angular operators Ji close in a form of so(3) subgroup. The operators Ii
are a generalized translations. For the positive space curvature k = +1 the
commutation relations correspond to so(4) Lie algebra, while k = −1 gives
so(3, 1) algebra.
As described in [41], we can now construct the metric tensor with invariant
basis ωµ, such that:

g = aµνω
µ ⊗ ων , (7.6)

where ωµ is dual to Xµ being invariant basis on the manifold. This group
invariance is described in the Appendix. With this in mind, we may now go
back to the field theory framework with action (7.1) and consider a transfor-
mation G −→ G′ = ΘTGΘ, where Θ ∈ SO(4). This transformation induces
M−→M′ (as we will see, the shape ofM′ is analogous to G′). The covariant
derivative acquires term proportional to the gauge field Aµ which is now an
element of Lie algebra connected to SO(4). Furthermore, the field strength
multiplet is now defined as:

Fµν =

(
Vµν
Wµν

)
=

(
∂µVν − ∂νVµ + [Vµ, Vν ]

∂µWν − ∂νWµ + [Wµ,Wν]

)
. (7.7)

The transformed fieldM′ may be expressed with Θ matrices:

M′ =

(
Θ−1G−1

(
ΘT
)−1 −Θ−1G−1

(
ΘT
)−1

B

BΘ−1G−1
(
ΘT
)−1

ΘTGΘ−BTΘ−1G−1
(
ΘT
)−1

B

)
, (7.8)

since for an orthogonal group we have ΘT = Θ−1, this simplifies:

M′ =
(

ΘTG−1Θ −ΘTG−1ΘB
BΘTG−1Θ ΘTGΘ−BTΘTG−1ΘB

)
, (7.9)
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The form of transformation is particularly interesting when simultaneously
transforming both G and B fields. This may be understood as a change of
the basis by Θ rotation. Hence, after an additional transformation B −→
B′ = ΘTBΘ,M′ takes form :

M′ =
(

ΘTG−1Θ −ΘTG−1ΘΘTBΘ
ΘTBΘΘTG−1Θ ΘTGΘ−ΘTBTΘΘTG−1ΘΘTBΘ

)
. (7.10)

Employing the orthogonality of matrices Θ once again, the final form of
transformedM is:

M→ ΘT
2N×2NMΘ2N×2N =

(
Θ 0
0 Θ

)T (
G−1 −G−1B
BG−1 G−BTG−1B

)(
Θ 0
0 Θ

)
.

(7.11)

This surprisingly elegant transformation is a direct sum of the Lie al-
gebra corresponding to Θ. The M-field O(N,N) transformation may be
partially "absorbed" by the G and B fields transformation. For example,
on a positively curved FLRW spacetime, the desired transformation of the
G and B is a four-dimensional rotation. Since we have constructed a met-
ric tensor in an SO(4)-invariant way, we can always make this "absorbing"
transformation. Therefore, the remaining symmetry of the theory will be
O(4, 4)/ (SO(4)× SO(4)).
Above reasoning is similar for general orthogonal coordinate transformations
(rotations and reflections), so in the theory with N abelian isometries the
symmetry is O(N,N)/ (O(N)×O(N)).

Coordinate transformations In the previous chapter we have treated
the metric tensor G as any other field, transforming in an abstract manner.
Naturally, the metric tensor transforms upon the change of coordinates. In
particular, if we have a coordinate transformation x −→ x′, the new metric
tensor is given by:

gµν(x) −→ g′µν(x′) =
∂xα

∂x′µ
gαβ(x)

∂xβ

∂x′ν
. (7.12)

In the matrix notation, this will be exactly the transformation G −→ ΘTGΘ,
where Θ is composed of partial differentiation of respective coordinates.
Hence, the symmetry of G field G′ = ΘTGΘ from the previous paragraph,
would correspond to a trivial coordinate change, where the partial differen-
tial matrix is just a Kronecker delta. This is a key point, that we need to
work at a fixed, group transformation-invariant basis.

Generalization The symmetry group G of the background manifold un-
derlying our theory may be quite general. As long as the transformation
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(7.11) holds, in other words, the group element satisfies ΘTΘ = 1, and the
group is connected, we can say that effectively the symmetry is

O(d, d)/G × G. (7.13)

For example, if we consider positively FLRW spacetime as a subspace of
10-dimensional theory we get O(9, 9)/SO(4)× SO(4).
We stress the importance of the invariant one-form basis ωi always associated
with a Lie group. It allows for encoding part of the original O(d, d) symmetry
into the G and B fields:

G = Gijω
i ⊗ ωj , B = Bijω

i ⊗ ωj , (7.14)

whereGij is constant and symmetric, andBij is constant and anti-symmetric.

8 Conclusions

The O(d, d) symmetry present in the low-energy effective action describing
graviton, torsion field, and the dilaton may be generalized to symmetric,
non-flat spacetimes. It is usually constructed on flat background metrics
independent on d out of D coordinates. The action is dimensionally reduced
and one has to introduce the gauge fields to compensate for the integrated-
out symmetry of the unreduced action. The resulting action may be cast
into manifestly O(d, d) invariant form. In this Thesis it is proposed, that the
dimensional reduction may be generalised to curved spacetimes, symmetric
under a Lie Group G transformation. The gauge fields are now elements of
the Lie algebra connected to the background spacetime. The shape of the ma-
trixM allows for a reduction of the initial O(d, d) symmetry to O(d, d)/G×G.
We have described in detail a way of finding the invariant metric, directly
from a general group transformation. This result is based on the fact that
the spacetime symmetry group has its associated Lie algebra which may be
found thanks to the commutation relation of the Killing vectors. This con-
struction is quite general, the spacetime symmetry group, however, must be
at least orthogonal. We provide a simple case study of positively curved
FLRW metric. We show, how our reasoning fits the Lie group theory and we
give an explicit example of constructing important SO(3)-invariant oneform
basis (see Appendix). The future work should focus on providing a direct
calculation of dimensional reduction along the isometries.
Our results may provide useful in the future work on cosmology to all orders
in α′ and the no-boundary proposal.

A Lie Group approach to spacetime symmetry

Here we follow the discussion of Lie algebras in [42].
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Consider a Lie group G and left translation Lg acting on the element of
the group g′:

Lg(g
′) = gg′. (A.1)

Similarly, the right translation Rg is given by

Rg(g
′) = g′g. (A.2)

We say that a vector field X on G is left-invariant if LgX = X for all g ∈ G.
Analogously, X is right-invariant if RgX = X.
Since the left-invariance of a two vector fieldsX and Y is defined for all group
elements, the Lie bracket [X,Y ] will also be left-invariant. This means, that
the left-invariant vector fields on G form a subalgebra. The Lie algebra of
G is the Lie algebra of the left-invariant fields on G. Moreover, each tangent
vector to G defines a left-invariant vector field X and there exists a one-to-
one correspondence between the Lie algebra of G and the tangent space to
G at identity TeG. This relation defines the bracket of the vectors ξ and
ζ ∈ TeG by:

[ξ, ζ] = [X,Y ]e, (A.3)

where X and Y are the left-invariant vector fields such that ξ = Xe and
ζ = Ye. The above equation defines an isomorphism between the left-
invariant vector fields and the tangent vectors at the identitiy of the group.
This gives us a notion, why finding the algebra of tangent vector fields to a
spacetime is relevant for determining the spacetime’s symmetry. Once the
algebra is found, by the virtue of isomorphism (A.3), we are certain that the
fields will be invariant under the group transformation.
This is crucial while constructing symmetric spacetimes, as we have shown in
the case of positively curved FLRW corresponding to SO(4) Lie group. Here
we give a more precise example of how to find the left-invariant vector field
X. It may be used in more complex systems with less obvious Lie groups,
generalizing our results.

The Lie algebra of Rn There is a general formula for the left-invariant
vector fields:

Xg = ξ[xi ◦ Lg]
(
∂

∂xi

)
g

(A.4)

Consider Rn with natural coordinates (x1, . . . , xn). The vector component
i after the left translation acting on element g′ is given by (xi ◦ Lg)(g′) =
xi(gg′) = xi(g) + xi(g′), so xi ◦ Lg = xi(g) + xi. Vector field tangent to
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Rn is simply a linear combination ξ = ai
(
∂
∂xi

)
e
. Using (A.4) we find the

left-invariant vector field:

Xg = ai
(
∂

∂xi

)
e

[xj ◦ Lg]
(

∂

∂xj

)
g

= ai
(
∂

∂xi

)
e

[xj(g) + xj ]

(
∂

∂xj

)
g

(A.5)

= ai
(
∂

∂xi

)
g

. (A.6)

Now if we take another left-invariant vector Y = bj(∂/∂xj) and commute it
with X we find [X,Y ] = 0 confirming that the Lie algebra is Abelian.

The Lie algebra of the general linear group Let GL(n,R) be the Lie
group formed by all the non-singular n × n real matrices with entries xij .
The group operation is simply a matrix multiplication so (xij ◦ Lg)(g′) =

xij(gg
′) = xik(g)xkj (g

′). Tangent vector at identity is given by ξ = aij(∂/∂x
i
j).

Similarly as in the abelian case of R we employ the formula (A.4) to find:

X = aijx
k
i

∂

∂xkj
. (A.7)

The left-invariant vector fields on GL(n,R) are isomorphic to n×n matrices.
For a given matrix A = aij , we denote the corresponding vector fieldXA given
by (A.7). We find the corresponding algebra by:

[XA, XB] =

[
almx

n
l

∂

∂xnm
, bijx

k
i

∂

∂xkj

]
(A.8)

= almb
i
j

(
xnl

∂

∂xnm

(
xki

) ∂

∂xkj
− xki

∂

∂xkh
(xnl )

∂

∂xnm

)

= almb
i
j

(
xkl δ

m
i

∂

∂xkj
− xki δ

j
l

∂

∂xkm

)

= almb
i
j

(
δrl δ

m
i δ

j
p − δri δ

j
l δ
m
p

)
xkr

∂

∂xkp

=
(
armb

m
p − brmamp

)
xkr

∂

∂xkp
. (A.9)

The coefficients armbmp −brmamp are the entries of the matrix [A,B] = AB−BA.
This allows us to conclude [XA, XB] = X[A,B] and that the Lie algebra of
the group GL(n,R) is identified with the space of n×n matrices, where the
bracket is given by the commutator.
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Invariant forms Similarly to (A.4), one may find left-invariant one-form
given by

αg = aj

{
aj

(
∂

∂xi

)
[xj ◦ Lg−1 ]

}
. (A.10)

Analogously to the left-invariant vector fields, the left-invariant one-forms
also compose the Lie algebra.
For the general linear group GL(n,R), there is a particularly simple way of
computing the left-invariant one-forms ωa, directly from the group element:

g−1dg = λaω
a, (A.11)

where λa are the n×nmatrices satisfying the commutation relations [λa, λb] =
λaλb − λbλa, and can be read off (A.7) since Xa = (λa)

i
jx
k
i
∂
∂xkj

. The one-
forms form also a dual basis to Xa.
Using above methods we may find the invariant one-forms and construct an
invariant metric on G corresponding to a Riemannian manifold:

aijω
i ⊗ ωj . (A.12)

The matrix (a)ij is constant, symmetric, and its determinant does not vanish.

SO(3)-invariant metric To give an example of the explicit calculation,
we consider the SO(3) group. We wish to find the invariant one-forms ωa.
The group consists of rotations around three axis by angles φ, θ, ψ. A general
element g of the group is a composition of the subsequent rotations. In the
matrix form we have:

g(φ, θ, ψ) = gφgθgψ (A.13)

=

 cosφ − sinφ 0
sinφ cosφ 0

0 0 1

 1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 cosψ − sinψ 0
sinψ cosψ 0

0 0 1

 .

The resulting matrix is quite complicated, but we provide the explicit form
of its columns:

(g)i1 =

 cosψ cosφ− cos θ sinψ sinφ
cos θ sinψ cosφ+ cosψ sinφ

sin θ sinψ

 , (A.14)

(g)i2 =

 − cos θ cosψ sinφ− sinψ cosφ
cos θ cosψ cosφ− sinψ sinφ

sin θ cosψ

 ,

(g)i3 =

 sin θ sinφ
−sinθ cosφ

cos θ

 .

34



To apply the formula (A.11) we need to know the coefficients λa. We only
demand they obey the commutation relations of so(3), so we are free to
choose the group generators:

λx =

 0 0 0
0 0 −1
0 1 0

 , λy =

 0 0 1
0 0 0
−1 0 0

 , λz =

 0 −1 0
1 0 0
0 0 0

 ,

(A.15)

which generate the rotations around the corresponding axis. The inverse
element of g is given simply by the inverse of the matrix composed of the
columns (A.14). Due to its length, we again provide the columns:

(g−1)i1 =

 cosψ cosφ− cos θ sinψ sinφ
− cos θ cosψ sinφ− sinψ cosφ

sin θ sinφ

 , (A.16)

(g−1)i2 =

 cos θ sinψ cosφ+ cosψ sinφ
cos θ cosψ cosφ− sinψ sinφ

− sin θ cosφ

 , (A.17)

(g−1)i3 =

 sin θ sinψ
sin θ cosψ

cos θ

 . (A.18)

The dg matrix is composed of the exterior derivative of the g entries. The
columns (dg)i1 , (dg)i2 , (dg)i3 are given respectively by: sin θ sinψ sin θ − (cos θ sinψ cosφ+ cosψ sinφ)dφ− (cos θ cosψ sinφ+ sinψ cosφ)dψ
− sin θ sinψ cosφdθ + (cosψ cosφ− cos θ sinψ sinφ)dφ+ (cos θ cosψ cosφ− sinψ sinφ)dψ

cos θ sinψdθ + sin θ cosψdψ

 ,

 sin θ cosψ sinφdθ + (sinψ sinφ− cos θ cosψ cosφ)dφ+ (cos θ sinψ sinφ− cosψ cosφ)dψ
− sin θ cosψ cosφdθ − (cos θ cosψ sinφ+ sinψ cosφ)dφ− (cos θ sinψ cosφ+ cosψ sinφ)dψ

cos θ cosψdθ − sin θdψ sinψ

 ,

 cos θ sinφdθ + sin θ cosφdφ
sin θ sinφdφ− cos θ cosφdθ

− sin θdθ sinψ

 .

The result of (A.11) is:

g−1dg =

 0 −dφ cos θ − dψ dφ sin θ cosψ − dθ sinψ
dφ cos θ + dψ 0 −dθ cosψ − dφ sin θ sinψ

dθ sinψ − dφ sin θ cosψ dθ cosψ + dφ sin θ sinψ 0

 .

(A.19)
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It is easy to see, that above matrix decomposes into the basis of generators
g−1dg = λxω

x + λyω
y + λzω

z, where

ωx = cosψdθ + sin θ sinψdφ,

ωy = sin θ cosψdφ− sinψdθ,

ωz = dψ + cos θdφ (A.20)

are the SO(3)-invariant one-forms. Notice these are equivalent to the dual
to Killing vectors Ji in (7.5). The general SO(3)-invariant metric is given
by:

ds2 = axxω
x ⊗ ωx + axy (ωx ⊗ ωy + ωy ⊗ ωx) (A.21)

+ ayyω
y ⊗ ωy + ayz (ωy ⊗ ωz + ωz ⊗ ωy)

+ azzω
z ⊗ ωz + azx (ωz ⊗ ωx + ωx ⊗ ωz) ,

where aij are real numbers.

References

[1] Roger Penrose. Gravitational collapse and space-time singularities.
Phys. Rev. Lett., 14:57–59, Jan 1965.

[2] Johanna N. Borissova and Astrid Eichhorn. Towards black-hole
singularity-resolution in the lorentzian gravitational path integral, 2020.

[3] Jean-Luc Lehners and K. S. Stelle. Safe beginning for the universe?
Physical Review D, 100(8), Oct 2019.

[4] John D. Barrow. Finite Action Principle Revisited. Phys. Rev. D,
101(2):023527, 2020.

[5] Jan Chojnacki and Jan H. Kwapisz. Finite action principle and horava-
lifshitz gravity: early universe, black holes and wormholes, 2021.

[6] Olaf Hohm and Barton Zwiebach. Duality invariant cosmology to all
orders in α′. Phys. Rev. D, 100:126011, Dec 2019.

[7] K. A. MEISSNER and G. VENEZIANO. Manifestly o(d,d) invariant
approach to space-time dependent string vacua. Modern Physics Letters
A, 06(37):3397–3404, Dec 1991.

[8] Ashoke Sen. O(d) x O(d) symmetry of the space of cosmological so-
lutions in string theory, scale factor duality and two-dimensional black
holes. Phys. Lett. B, 271:295–300, 1991.

[9] Nemanja Kaloper and Krzysztof A. Meissner. Duality beyond the first
loop. Physical Review D, 56(12):7940–7953, Dec 1997.

36



[10] J. B. Hartle and S. W. Hawking. Wave function of the universe. Phys.
Rev. D, 28:2960–2975, Dec 1983.

[11] R. P. Woodard. The theorem of ostrogradsky, 2015.

[12] Petr Hořava. Quantum gravity at a lifshitz point. Physical Review D,
79(8), Apr 2009.

[13] Anzhong Wang. Hořava gravity at a lifshitz point: A progress report.
International Journal of Modern Physics D, 26(07):1730014, Mar 2017.

[14] Georges Obied, Hirosi Ooguri, Lev Spodyneiko, and Cumrun Vafa. De
Sitter Space and the Swampland. 6 2018.

[15] Prateek Agrawal, Georges Obied, Paul J. Steinhardt, and Cumrun Vafa.
On the Cosmological Implications of the String Swampland. Phys. Lett.
B, 784:271–276, 2018.

[16] Ana Achúcarro and Gonzalo A. Palma. The string swampland con-
straints require multi-field inflation. JCAP, 02:041, 2019.

[17] William H. Kinney, Sunny Vagnozzi, and Luca Visinelli. The zoo
plot meets the swampland: mutual (in)consistency of single-field in-
flation, string conjectures, and cosmological data. Class. Quant. Grav.,
36(11):117001, 2019.

[18] Cumrun Vafa. The String landscape and the swampland. 9 2005.

[19] Hirosi Ooguri and Cumrun Vafa. On the Geometry of the String Land-
scape and the Swampland. Nucl. Phys. B, 766:21–33, 2007.

[20] Tom Rudelius. Conditions for (No) Eternal Inflation. JCAP, 08:009,
2019.

[21] J. Chojnacki, J. Krajecka, J.H. Kwapisz, O. Slowik, and A. Strag. Is
asymptotically safe inflation eternal? Journal of Cosmology and As-
troparticle Physics, 2021(04):076, apr 2021.

[22] Caroline Jonas and Jean-Luc Lehners. No-boundary solutions are robust
to quantum gravity corrections. Physical Review D, 102(12), Dec 2020.

[23] Sean M. Carroll. Lecture notes on general relativity. 12 1997.

[24] C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. 1973.

[25] L. D. Landau and E. M. Lifshitz. The Classical Theory of Fields.
Butterworth-Heinemann, 4 edition, January 1980.

[26] A. N. Schellekens. Introduction to conformal field theory. Fortschritte
der Physik/Progress of Physics, 44(8):605–705, 1996.

37



[27] Emil J. Martinec. Matrix models and 2d string theory. In Édouard
Brézin, Vladimir Kazakov, Didina Serban, Paul Wiegmann, and Anton
Zabrodin, editors, Applications of Random Matrices in Physics, pages
403–457, Dordrecht, 2006. Springer Netherlands.

[28] David Tong. Lectures on string theory, 2012.

[29] E. Alvarez, L. Alvarez-Gaume, and Y. Lozano. An introduction to t-
duality in string theory. Nuclear Physics B - Proceedings Supplements,
41(1-3):1–20, Apr 1995.

[30] T.H. Buscher. A symmetry of the string background field equations.
Physics Letters B, 194(1):59–62, 1987.

[31] Martin Roček and Erik Verlinde. Duality, quotients, and currents. Nu-
clear Physics B, 373(3):630–646, Apr 1992.

[32] Robbert Dijgraaf, Herman Verlinde, and Erik Verlinde. String propaga-
tion in black hole geometry. Nuclear Physics B, 371(1):269–314, 1992.

[33] Amit Giveon. Target space duality and stringy black holes. Mod. Phys.
Lett. A, 6:2843–2854, 1991.

[34] Heliudson Bernardo, Robert Brandenberger, and Guilherme Franz-
mann. O(d, d) covariant string cosmology to all orders in . Journal
of High Energy Physics, 2020(2), Feb 2020.

[35] J.D.Barrow and F.J. Tipler. Action principles in nature. Nature, 331,
1988.

[36] Caroline Jonas, Jean-Luc Lehners, and Jerome Quintin. Cosmological
consequences of a principle of finite amplitudes. Physical Review D,
103(10), May 2021.

[37] N. D. Hari Dass and Harini Desiraju. Killing vectors of flrw metric (in
comoving coordinates) and zero modes of the scalar laplacian, 2016.

[38] O. Acik, U. Ertem, M. Onder, and A. Vercin. Killing-yano forms of
a class of spherically symmetric space-times i: A unified generation of
killing vector fields, 2008.

[39] David Kastor and Jennie Traschen. Conserved gravitational charges
from yano tensors. Journal of High Energy Physics, 2004(08):045–045,
Aug 2004.

[40] Hakan Cebeci, Özgür Sarıoğlu, and Bayram Tekin. Gravitational
charges of transverse asymptotically ads spacetimes. Physical Review
D, 74(12), Dec 2006.

38



[41] Aidan Joseph Keane. The Role of Isometries in Cosmological Models.
University of Glasgow, 1994.

[42] Gerardo F. Torres del Castillo. Differentiable Manifolds A Theoretical
Physics Approach. Graduate student series in physics. Birkhäuser Basel,
2020.

39


	thesis_title_page_2020-2 (1)
	O_d_d_-9

